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Methods

Incorporating nucleosomes into thermodynamic
models of transcription regulation
Tali Raveh-Sadka,1 Michal Levo,1 and Eran Segal2

Department of Computer Science and Applied Mathematics, Weizmann Institute of Science, Rehovot 76100, Israel

Transcriptional control is central to many cellular processes, and, consequently, much effort has been devoted to un-
derstanding its underlying mechanisms. The organization of nucleosomes along promoter regions is important for this pro-
cess, sincemost transcription factors cannot bind nucleosomal sequences and thus compete with nucleosomes forDNAaccess.
This competition is governed by the relative concentrations of nucleosomes and transcription factors and by their respective
sequence binding preferences. However, despite its importance, a mechanistic understanding of the quantitative effects that
the competition between nucleosomes and factors has on transcription is still missing. Here we use a thermodynamic
framework based on fundamental principles of statistical mechanics to explore theoretically the effect that different nucle-
osome organizations along promoters have on the activation dynamics of promoters in response to varying concentrations of
the regulating factors. We show that even simple landscapes of nucleosome organization reproduce experimental results
regarding the effect of nucleosomes as general repressors and as generators of obligate binding cooperativity between factors.
Our modeling framework also allows us to characterize the effects that various sequence elements of promoters have on the
induction threshold and on the shapeof the promoter activation curves. Finally, we show that using only sequence preferences
for nucleosomes and transcription factors, our model can also predict expression behavior of real promoter sequences,
thereby underscoring the importance of the interplay between nucleosomes and factors in determining expression kinetics.

[Supplemental material is available online at www.genome.org. The computational model described in this paper is
available at http://genie.weizmann.ac.il/pubs/tf_nuc_model09/.]

The control over when and where each gene is expressed and to

what extent is of fundamental importance in nearly all biological

processes. Since the discovery of RNA polymerase by Weiss and

Gladstone in 1959 (Weiss and Gladstone 1959), scientists have

been trying to understand the mechanisms that underlie this

regulation. In the following years, proteins termed ‘‘transcription

factors,’’ which bind to specific sites on the DNA and affect the

transcription of neighboring genes, were identified (Jacob and

Monod 1961; Ptashne 1967). Subsequent studies of transcription

focused on these proteins, and much progress has been made in

identifying the targets and binding specificities of many tran-

scription factors. Recently, high-throughput experimental meth-

ods such as ChIP-chip (Ren et al. 2000; Iyer et al. 2001; MacIsaac

et al. 2006), ChIP-seq (Johnson et al. 2007), protein binding

microarrays (Bulyk et al. 2001), and specialized microfluidics

platforms (Maerkl and Quake 2007) allowed a more global char-

acterization of transcription factors.

In addition to the role of transcription factors in transcrip-

tional regulation, the role of chromatin in this regulation process

has also been the subject of much research. Since nucleosomes

compact »75%–90% of the total genomic DNA (van Holde 1989),

it was speculated that nucleosomes will be of importance in tran-

scriptional control. However, when this nucleosome hypothesis

was first proposed by Roger Kornberg in 1974 (Kornberg 1974),

many researchers believed that nucleosomes were transparent to

the transcriptional machinery in the sense that they could be

easily removed when DNA-binding proteins required access to the

underlying DNA. Subsequent experiments falsified this view, and

it is now widely accepted that the organization of nucleosomes

can significantly affect transcription (Han and Grunstein 1988;

Miller and Widom 2003; Lam et al. 2008).

Recent experiments established that the histone octamer has

differing binding affinities to different DNA sequences (Thastrom

et al. 1999; Anderson and Widom 2001; Sekinger et al. 2005; Segal

et al. 2006; Kaplan et al. 2009), most likely because DNA sequences

differ greatly in their ability to sharply bend and conform to the

nucleosome structure (Richmond and Davey 2003). A conse-

quence of these nucleosome sequence preferences is that different

genomic regions encode different nucleosome affinity landscapes,

and thus direct different patterns of nucleosome organization.

Since most transcription factors cannot bind sequences that are

already occluded by nucleosomes, transcription factors seeking

access to specific genomic locations need to compete with nucle-

osomes for access to the DNA, where the competition at specific

locations depends on the binding affinity landscapes and con-

centrations of both the nucleosomes and the transcription factors.

For transcription factor binding sites located at genomic regions

that are also energetically favorable for nucleosome formation,

this competition may result in significantly reduced binding of the

cognate transcription factor and thus have major consequences

for gene expression. However, a comprehensive and quantitative

understanding of the possible effects that different nucleosome

affinity landscapes may have on gene expression is still missing.

To attain such an understanding, a quantitative model that

combines the various components of the transcriptional system is

much needed. Thermodynamic models are one such appealing

approach, since these models naturally arise from fundamental

principles of statistical mechanics. In its most general form, this

approach can model the binding of various molecules that are in-

volved in the transcriptional process, such as transcription factors,

nucleosomes, and RNA polymerase. In principle, all molecules can

bind everywhere along the sequence, but the probability of binding

at each sequence location depends on the molecule’s concentration
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and binding affinity. Additionally, since steric hindrance effects

usually do not permit the overlapping binding of two molecules to

the same sequence locations, the probability of binding also

depends on the presence of additional molecules competing for

binding at the same locations. Under the assumption of thermo-

dynamic equilibrium, all of these elements naturally combine using

the Boltzmann distribution to produce a distribution over all pos-

sible organizations (or configurations) of bound molecules on each

DNA sequence. This distribution can later be used to compute var-

ious quantities such as the binding probability of a transcription

factor at a specific sequence location, and the probability that a

certain base pair is covered by nucleosomes. Importantly, this dis-

tribution can also be used to predict the resulting expression level

for a given DNA sequence (Fig. 1).

Several papers have used a thermodynamic approach (Shea

and Ackers 1985; Rajewsky et al. 2002; Buchler et al. 2003; Sinha

et al. 2003; Bintu et al. 2005; Segal et al. 2006, 2008), significantly

advancing the ability to predict DNA binding events and expres-

sion patterns from sequence. However, these models focused

solely on the contribution of transcription factors (Shea and

Ackers 1985; Rajewsky et al. 2002; Buchler et al. 2003; Sinha et al.

2003; Bintu et al. 2005; Segal et al. 2008) and did not model other

transcriptional components such as nucleosomes, or they only

modeled binding of histone octamers and disregarded the binding

of transcription factors (Segal et al. 2006).

Here we extend the thermodynamic framework and model the

binding of both histone octamers and transcription factors. Using

this extension, we theoretically explore the interactions between

transcription factors and nucleosomes and the possible effects that

various nucleosome affinity landscapes have on transcription. We

show that our analysis reproduces experimental results that have

been made regarding the effect of nucleosomes as general repressors

and as generators of obligate binding cooperativity between tran-

scription factors. Our modeling approach also offers simple mech-

anistic explanations to complex kinetic behaviors (Lam et al. 2008)

and generates new testable hypotheses regarding the diverse range

of transcriptional responses that can be achieved using different

nucleosome affinity landscapes. We thoroughly examine the role of

different promoter elements in determining nucleosome and tran-

scription factor affinity landscapes and their resulting effect on the

promoter activation dynamics curves, the curves describing the

induction levels of a promoter in response to increasing concen-

trations of the regulating transcription factor. We also characterize

these effects analytically, observing that while some changes to the

affinity landscapes of transcription factors and nucleosomes result

in a simple effect of a shift (in log scale) of the activation curves,

other changes affect the activation curve in a more complex way.

Such effects on activation curves have distinct consequences in

terms of cell-to-cell expression variability, defining the location and

extent of the range of transcription factor concentrations in which

promoters are ‘‘noisy.’’ By exploring the relations between nucleo-

somes and transcription, our study represents a step toward a uni-

fied and quantitative understanding of transcriptional control and

toward the ability to predict expression patterns from sequence.

Methods

Modeling framework

We now formally describe how we compute the distribution over

the possible organizations or configurations of molecules along

the regulatory sequence. As mentioned above, assuming a state of

thermodynamic equilibrium, this distribution is dictated by the

concentrations and binding affinities of the various molecules.

To compute this distribution P(c) over all configurations c on

a given sequence, we consider all molecules simultaneously and

evaluate all possible ‘‘legal’’ configurations of molecules binding

to the sequence. A configuration is legal if there is no overlap

between two molecules on the DNA. Thus, we explicitly model the

competition between molecules that results from their mutual

steric hindrance constraints, which for simplicity we take as the

lack of overlap in binding to the same base pair. Note, however,

that molecules can occupy the same sequence in different con-

figurations. In accordance with the Boltzmann distribution, it

follows that the probability of each configuration is given by:

PðcÞ= WðcÞ
+c92C Wðc9Þ ð1Þ

where W(c) represents the statistical weight associated with con-

figuration c. We are thus left with defining this statistical weight.

Intuitively, if we assume that molecules bind independently (ex-

cept for mutually exclusive binding due to steric hindrance con-

straints), then the statistical weight of a legal configuration c

should be the product of the contribution of each of the molecules

bound in the configuration. The contribution of a molecule

bound at a given position within the configuration is, in turn,

determined by its concentration, and by the affinity, or energetic

gain, from its binding to the underlying sequence at the bound

position. Thus, for a configuration with k molecules m1,. . ., mk

bound at positions p1,. . ., pk, the statistical weight W(c) of the

configuration is given by:

WðcÞ = F0

Yk

i = 1

tmi
� Fðmi ;pi ;pi + LiÞ ð2Þ

where tmi
is the concentration of the molecule bound at position

pi, Fðmi ;pi ;pi+LiÞ = e�Ei=KB � T is the energetic contribution from the

binding of molecule mi from position pi to position pi + Li, with Li

being the length of the binding site for molecule mi, and F0 is the

energetic contribution from the empty configuration without any

bound molecules. Since F0 appears in all configurations, it cancels

out in the computation of P(c). Therefore, its value can be arbitrarily

chosen, and we set its value to 1 in order to simplify our calcu-

lations. Although the computation of +c92C Wðc9Þ seems complex,

as it requires traversing a huge space of legal configurations, we

can use dynamic programming to compute it efficiently, in time

linear in the length of the sequence (Segal et al. 2008).

Modeling assumptions

As with all models, our model makes several simplifying assump-

tions, which we list below, allowing us to focus our attention on

the effect of nucleosome organization on transcription factor

binding. As we note in the Discussion section, most of these

assumptions can easily be relaxed in more advanced models.

First, we assume that the system is in a state of thermody-

namic equilibrium, such that each configuration is achieved with

a probability proportional to its probability under the Boltzmann

distribution. This assumption is justified in cases in which there is

separation of time scales, for example, if the transcription rate is

much slower than the rate at which transcription factors and

histones bind and unbind DNA.

Second, we assume that the histone octamer binds DNA

according to the displacement model, that is, a nucleosome wraps
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the DNA along the entire length of the nucleosome (147 bp), with

partial wrapping around the histone core disallowed (Polach and

Widom 1995). Although experimental evidence supports both

nucleosome displacement and partial unwrapping, as we explain

below, nucleosome displacement arises as a natural consequence

of our framework, while partial unwrapping requires explicit

modeling and additional parameters. Thus, for simplicity, here we

only use the nucleosome displacement model.

Third, although some transcription factors are able to

bind nucleosomal sequences (Perlmann and Wrange 1988), most

Figure 1. Illustration of our thermodynamic framework. Each promoter sequence encodes particular binding affinity landscapes for both transcription
factors and nucleosomes. Given these landscapes as input as well as the concentrations of transcription factors and nucleosomes, our framework can then
compute the distribution over all possible configurations of molecules bound to the promoter (see ‘‘Modeling Framework’’). Applying these compu-
tations to different promoters (represented by different affinity landscapes) and over a range of transcription factor concentrations thus allows us to
compute the activation curve of various promoters as a function of transcription factor concentrations. (A) Here we examine three promoters (discussed in
detail in the Results section): (1) A nucleosome-free promoter, represented by a binding affinity landscape for nucleosomes that is zero at every promoter
location. Shown are the two possible configurations (bound/unbound) with their respective statistical weights. (2) A promoter with a uniform binding
affinity landscape for nucleosomes. Shown is a subset of the possible binding configurations, each with its respective statistical weight. (3) A promoter
with a boundary element for nucleosome formation—resulting in a trough in the otherwise uniform landscape for nucleosomes. The transcription factor
binding site is located 10 bp from the boundary element. A subset of the possible configurations is shown. Note that in all configurations the boundary
element cannot be occluded by a nucleosome. (B) Promoter activation curves showing the probability of transcription factor binding at the site, Pbound, at
various transcription factor concentrations (log scale, arbitrary units), for the three promoters in A. The activation curves of these promoters are identical in
shape but shifted (in log scale) relative to one another.
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transcription factors cannot, due to steric hindrance constraints.

Our model thus does not allow binding locations of transcription

factors and nucleosomes to overlap in the same binding configu-

ration, thereby forcing transcription factors and nucleosomes to

compete for DNA access.

Another simplifying decision is our choice to model only

binding of transcription factors and histone octamers to DNA and

leave out the transition from transcription factor binding to ex-

pression output. We assume that for transcriptional activators, the

probability of binding is proportional to the binding probability of

RNA polymerase, which is, in turn, proportional to the resulting

transcription rate. Thus, we use the binding probabilities of tran-

scription factors as a proxy to the resulting transcriptional output.

Clearly, since more complex relations may exist between tran-

scription factor binding and RNA polymerase binding, and be-

tween RNA polymerase binding and transcription output, there

may be cases in which our proportionality assumption is violated.

However, such simplifying assumptions were used by several

models (Shea and Ackers 1985; Buchler et al. 2003; Bintu et al.

2005; Segal et al. 2008) and have led to predictive and informative

models. Our model also ignores the potential effect of the distance

between transcription factor binding sites and transcription start

sites and the orientation of binding sites.

An additional noteworthy fact is that our model considers

transcription factors and nucleosomes only, whereas other mole-

cules, such as ATP-dependent chromatin remodelers (Cairns 2005;

Whitehouse et al. 2007), are clearly important for a full under-

standing of transcription factor–nucleosome interactions. How-

ever, the precise functions of these molecules are not well under-

stood, and we thus disregarded them in our model.

Regarding binding cooperativity, we do not explicitly model

cooperative effects in transcription factor binding that may result,

for example, from protein–protein interactions. However, a con-

sequence of our modeling framework, which we discuss in detail

in the Results section, is obligate binding cooperativity of tran-

scription factors that results from the implicit modeling of com-

petition between transcription factors and nucleosomes (Polach

and Widom 1996; Miller and Widom 2003).

When examining activation dynamics curves for promoters,

we will generally assume that upon induction, the increase in the

concentration of the activating transcription factor is multiplicative.

Therefore, activation curves will be presented in log-concentration

scale. However, in several cases, we will also distinguish between the

predictions made by our model under this assumption and under an

alternative assumption according to which the increase in tran-

scription factor concentrations is additive.

Finally, in order to explore the most fundamental effects of

nucleosomes on transcription factor binding, we consider mostly

simplified promoters. These include a small number of well-defined

binding sites for transcription factors. This can be achieved in real

promoters in which the transcription factor landscape is peaked,

meaning that although transcription factors can potentially bind

at any location along the sequence, their probability of binding in

all locations along the sequence except at the well-defined sites is

negligible. Similarly, we mostly consider simple binding affinity

landscapes for nucleosomes, which are either uniform, in which

nucleosomes can form with equal probability at each sequence

location; peaked, in which nucleosomes can form only at specific

locations; or boundary-like landscapes, in which the histone octamer

has extremely high or low binding probability at a few sequence

locations, and uniform binding probability at all other sequence

locations. These simplifying assumptions allow us to analytically

study general phenomena that are applicable to many promoters,

without the need to know the detailed binding affinity landscapes

of specific promoters. Still, our framework can be easily and suc-

cessfully adapted to real sequences using realistic models for nu-

cleosome (Segal et al. 2006) and transcription factor binding

(Bulyk et al. 2001; MacIsaac et al. 2006; Maerkl and Quake 2007),

as we demonstrate below.

Toy example

In the sections below, we examine simple promoter architectures,

represented by binding affinity landscapes of transcription factors

and nucleosomes, and the activation curves that they produce.

This is done by examining the effect of each architecture on the

probability, Pbound, that a transcription factor occupies one or more

of its sites on a given sequence. As explained above, we compute

this term according to the rules of statistical mechanics, that is, as

the ratio between the sum of the statistical weights of all config-

urations in which the transcription factor binds the site, and the

sum of the statistical weights of all configurations.

As a simple illustration of such computations, assume that we

have a single binding site for a transcription factor on a certain

sequence. This can be achieved by a highly specific binding af-

finity landscape that is peaked around one sequence location.

With no nucleosomes, this case has only two possible config-

urations (Fig. 1A, promoter 1), since the site can either be occupied

by the transcription factor or not. Recall that the weight of the

unbound configuration F0 is arbitrarily set to 1. The weight of the

bound configuration is then WðcÞ= WTF = tTF � FðTF;psite ;psite+LTFÞ;

where WTF is introduced for notational simplicity, tTF is the

transcription factor concentration, and FðTF;psite ;psite+LTFÞ is the ener-

getic contribution from the binding of the transcription factor to

its site (see ‘‘Modeling Framework’’ above). Together, we get that

the binding probability is WTF=1+WTF .

Adding nucleosomes with a uniform binding affinity land-

scape (in which nucleosomes can form at any location with equal

probability), we have many more configurations, both where

the site is occupied by the transcription factor and where it

is not bound by the transcription factor (Fig. 1A, promoter 2).

In each configuration, in addition to the weight contribution

WTF = tTF � FðTF;psite ;psite+LTFÞ made by the transcription factor (if

bound), each nucleosome Ni contributes a weight denoted as

WNi
= tN � FðN;pNi

;pNi
+LN Þ; which corresponds to the energetic con-

tribution from the formation of the nucleosome at the bound

location, multiplied by its concentration tN. Under this uniform

binding affinity landscape for nucleosomes, this term is the same

for all sequence locations and is denoted as WN. To compute

Pbound, we use a dynamic programming algorithm, which allows

us to efficiently traverse all of the possible configurations where

the transcription factor is bound, and sum their weights. This sum

is then divided by the sum of weights of all configurations, com-

puted by the same algorithm.

Parameters and definitions

In addition to WTF and WN above, our computations also depend

on LP, the length of the promoter, LN, the length of the sequence

wrapped around the histone octamer, and LTF, the sequence length

bound by the transcription factor. These parameters are assigned

plausible although arbitrary values. For example, we use 60 as the

value for WN, since this value results in an average nucleosome

coverage of ;90% of the DNA under a uniform affinity landscape,
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in accordance with the literature. Our observations in the fol-

lowing text are general and do not depend qualitatively on the

actual parameter values used. For a list of all parameters and val-

ues, see Table 1.

Results

Nucleosomes determine activation dynamics at the PHO5
promoter

In this section, we apply our framework to the yeast PHO5 pro-

moter in order to demonstrate the ability of our framework to

explore the interactions between transcription factors and nucle-

osomes and to offer mechanistic explanations for observed pro-

moter kinetics.

In 2008, a paper by Lam et al. (2008) studied the activation of

genes in the phosphate response system of yeast. In this system,

low inorganic phosphate (Pi) levels activate the transcription fac-

tor Pho4p. Active Pho4p binds to promoters of several genes

in the phosphate response pathway responsible for uptake and

scavenging of Pi, including the PHO5 gene, and promotes their

expression. Lam and colleagues experimentally mapped the loca-

tions of nucleosomes in the PHO5 promoter and observed that the

strength of Pho4p sites not covered by nucleosomes in the unin-

duced state was predictive of the time of activation. To reach this

conclusion, Lam et al. constructed a set of variants for the PHO5

promoter, where each variant had a different combination of low-

or high-affinity sites for Pho4p, that were either covered or not

covered by nucleosomes in the uninduced state (Fig. 2A). The

expression levels of each of these variants were measured under

varying Pi levels, and showed a clear difference between variants

with an exposed high-affinity Pho4p site, and variants with an

exposed low-affinity Pho4p site in promoter activation times,

where variants with an exposed high-affinity Pho4p site exhib-

ited a significantly earlier activation time. Lam et al. proposed

competition between transcription factors and nucleosomes as

a possible mechanism for their observations. We show that this

proposal also arises as a plausible hypothesis from our framework.

Using the measurements of Lam et al. (2008) regarding the

location of Pho4p sites and the locations of nucleosomes in the

uninduced PHO5 promoter, we set the binding affinity landscapes

of nucleosomes and transcription factors to be ‘‘peaked’’ around

these measured locations. As expected from this construction, by

applying our thermodynamic framework to these landscapes, we

reproduce the partition of variants into two groups according to

the strength of the exposed site (Fig. 2B,C). Recall that our mod-

eling framework does not explicitly model the transition from

binding to expression. Thus, differences between the measured

expression curves and predicted activation curves may stem from

this transition.

Intriguingly, within the group with exposed low-affinity

sites, our model is also able to correctly order the variants accord-

ing to their measured activation times. The order that we predict

(and that is observed in the data) is intuitive and is based on the

total strength of sites in the promoter, where sites covered by

nucleosomes contribute far less to fast activation time compared

to exposed ones, but even for covered sites, high-affinity sites

provide stronger competition for nucleosomes and thus contrib-

ute more to fast activation time compared to low-affinity sites. In

the group with exposed high-affinity sites, we expect the predicted

and experimental order of the different variants to follow the same

logic. However, although these differences exist in our predictions,

owing to the large (>4) fold differences in strength between the

strong and weak Pho4p binding sites (Lam et al. 2008), the acti-

vation curves for all of the variants in this group are highly similar.

Taking into account the existence of some level of experimental

inaccuracies, it is thus not surprising that the experimental data of

Lam and colleagues do not detect a robust ordering in this case.

We note that Lam et al. (2008) did not discuss the role of

covered sites in determining the time of activation. However, our

ability to reproduce the correct ordering observed experimentally

for the variants with exposed low-affinity sites suggests that the

contribution of covered sites does exist, even though it is con-

siderably weakened by the competition with nucleosomes com-

pared to the contribution of exposed sites.

Taken together, the analysis above shows that our simple

mechanistic framework is able to explain experimental data with

much detail and to offer mechanistic understanding of how these

observations are generated. In the case above, we clearly see that

the positioning of nucleosomes and competition with transcrip-

tion factors on access to sites is of significant importance to the

expression of the PHO5 yeast promoter.

The PHO5 yeast promoter is composed of a specific combi-

nation of a number of sequence elements. These include several

Pho4p sites and a highly constrained affinity landscape for nu-

cleosomes, making it hard to decipher the actual contribution of

each promoter element to the resulting promoter activation ki-

netics, and diminishing our ability to generalize from the behavior

seen in this promoter to predicted behaviors in other promoters.

In the remaining sections, we perform a more systematic explo-

ration of the role of nucleosomes in transcription by focusing on

more abstract promoters that code for much simpler affinity

landscapes for nucleosome and transcription factor binding.

We start by considering a simple promoter with a single site

for transcription factor binding. We will then gradually add pro-

moter elements, generating more complex affinity landscapes for

nucleosomes and transcription factors, and examine the resulting

activation curves. As an initial step in this process, we study the

effect of introducing nucleosomes in the simplest way possible,

using a uniform landscape for their formation.

Uniform landscapes for nucleosome formation: Nucleosomes
as general repressors

The first role attributed to nucleosomes in transcriptional regula-

tion was their role as general repressors (Han and Grunstein 1988).

Here, we show that our thermodynamic framework easily repro-

duces this observation.

Table 1. Parameters and their typical values

Parameter Description
Typical
value

LP Promoter length 5000
LN Length of sequence bound by each

nucleosome
147

LTF Length of sequence bound by each TF 6
WN Statistical weight of a single bound

nucleosome
60

tTF Transcription factor concentration 0.01
F ðTF ;psite;psite +LTF Þ Binding affinity of a single transcription

factor
600

Unless otherwise stated, we used these parameters and values in our
computations. LP was arbitrarily set to be large enough to avoid boundary
effects stemming from the sequence edges.
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In the past years, possible mechanisms were suggested for the

observed repressive effects of nucleosomes, including their ability

to change the topology of DNA and their ability to sterically block

the binding of RNA polymerase and of the general transcriptional

machinery. In addition, nucleosomes also compete with tran-

scription factors, thereby reducing their binding probability. As-

suming that binding of transcriptional activators is proportional

to the expression output, this reduction in binding probability

translates to a reduction in the output expression. Indeed, within

our framework, even the incorporation of uniform landscapes for

nucleosome formation results in the observed repressive effect on

transcription factor binding probability (Fig. 1).

More formally, when nucleosomes are considered, we have

several types of configurations, in addition to the two config-

urations possible (bound/unbound) in the nucleosome-free case

(see the ‘‘Toy Example’’ section above). These types include con-

figurations where the site is accessible (not occluded by nucleo-

somes) and the transcription factor is either not bound (with total

weight SA) or bound (with total weight WTF �SA), and config-

urations where the site is occluded by nucleosomes (with total

weight SO) (Fig. 1A, promoter 2). The probability of the site to be

bound under this uniform binding landscape for nucleosomes,

Pnuc
bound ; is then given by:

Pnuc
bound =

WTF � SA

SA + WTF � SA + SO

<
WTF � SA

SA + WTF � SA

=
WTF

1 + WTF
= P

nuc�free
bound ; ð3Þ

which is smaller than the value P
nuc�free
bound for the nucleosome-free

situation. In fact, as can be seen in Figure 1B, when assuming

a multiplicative increase in transcription factor concentrations,

the Pnuc
bound graph is shifted toward activation at higher transcription

Figure 2. Predicted and observed activation curves for the PHO5 promoter variants. (A) The PHO5 promoter variants constructed by Lam et al. (2008),
in which wild-type Pho4p sites were engineered to create various combinations of high- and low-affinity sites for the transcription factor, which were
either exposed or covered by the �2 and �3 nucleosomes. For each variant, shown is a schematic representation of its binding affinity landscapes for
transcription factors and nucleosomes. We excluded variants L2 and H2 since they are identical (because of symmetry) under our model to variants wild
type and H3, respectively. (B) Experimental measurements by Lam et al. (2008) of the expression curves (scaled to maximum expression) of each variant
following Pi starvation. [Reprinted with permission from Macmillan Publishers Ltd. � 2008, Lam et al. 2008.] (C) Prediction of the binding probability of
Pho4p, Pbound, generated by applying our thermodynamic framework to each of the promoter variants from A at increasing Pho4p concentrations. In B
and C, the yellow inset indicates the relative ordering of the onset times of the promoter variants with exposed low-affinity sites, where in both cases L3 is
activated first, followed by wild type, L4, and L1. The energetic contribution FðTF;psite ;psite+LTF Þ

� �
from transcription factor binding is set to 860 for a strong

site, and 200 for a weak site, in accordance with the 4.3 ratio between strong and weak Pho4p sites reported in Lam et al. (2008).
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factor concentrations relative to the P
nuc�free
bound graph, owing to the

competition. This shift implies that the effect of adding nucleo-

somes is identical to that of lowering the affinity of the tran-

scription factor to its site—in both cases to attain the same Pbound

values as in the original nucleosome-free situation, the transcrip-

tion factor concentration must be multiplied by a constant >1. The

value of this constant can be computed analytically (for details, see

Supplemental material), and it depends on the length of the pro-

moter, LP, the location of the transcription factor site within the

promoter, and the contribution from the formation (binding af-

finity and concentration) of each nucleosome, WN. Note that if,

alternatively, we assume that in living cells, changes in tran-

scription factor concentrations are additive rather than multipli-

cative, the multiplication of the concentration by a constant

results in an inflation (rather than a shift in log scale) of the ac-

tivation curve. This means that each change in the Pnuc
bound graph

requires larger additive changes in transcription factor concen-

tration than in the corresponding nucleosome-free P
nuc�free
bound graph.

Our assumption of a uniform landscape for nucleosome for-

mation is a good approximation for promoters in which the dif-

ferences between the probabilities for nucleosome formation at

different locations are relatively small. Although nonuniform

landscapes may produce other behaviors, transcription factor

binding to a site placed under a stable nucleosome will in all cases

exhibit this type of repression.

Addition of boundary elements for nucleosome formation
shifts the activation curve

In this section, we take a step forward from the simplistic case of

a promoter with a uniform affinity landscape for nucleosome

formation and consider the addition of a new promoter element—

the nucleosome boundary element.

The simplest nonuniform binding affinity landscape for

nucleosomes is induced by sequences that act as boundaries for

nucleosome formation, which are locations along the promoter

where there are peaks or troughs in the otherwise uniform affinity

landscape. Perfect boundaries are locations along the promoters

where a nucleosome is either present with probability 1 (e.g., due

to an extremely high-affinity sequence), or locations where a nu-

cleosome is never bound (e.g., at chromosome ends). However, the

more common boundaries are imperfect ones, where the proba-

bility for nucleosome formation is not extreme (integral) but

rather higher/lower than in the uniform case. These types of

boundaries can be formed by nucleosome attracting signals, or

nucleosome repelling signals such as poly(dA:dT) tracts (Bernstein

et al. 2004; Yuan et al. 2005; Lee et al. 2007; Field et al. 2008;

Kaplan et al. 2009). Imperfect boundaries such as those that

result over poly(dA:dT) tracts are common in eukaryotic genomes

(Dechering et al. 1998), indicating a possible functionality for

these sequence-encoded signals. Indeed, when located within

promoter regions, these sequences are hypothesized to have im-

portant effects on transcription (Struhl 1985; Iyer and Struhl

1995). It is important to note that when dealing with strong

boundaries, the effect of other weaker positioning signals if they

exist is much less pronounced, and the otherwise uniform binding

affinity landscape assumption becomes quite reasonable.

Below, we discuss the effects of adding boundaries for nu-

cleosome formation to simple promoters with a single transcrip-

tion factor binding site. The observations we make are valid not

only for boundary elements as defined above, but also for the case

of binding of some molecule (transcription factor or nucleosome)

whose concentration is constant relative to the concentration of

the transcription factor under discussion. This is because such

binding sterically hinders the formation of additional nucleo-

somes at the same sequence locations (Kornberg and Stryer 1988)

and thus in practice serves as a boundary for nucleosome forma-

tion. The binding of molecules whose concentration is not con-

stant shows different effects and is discussed separately in the next

section.

The most basic characteristic of perfect boundaries is the in-

dependence they generate between binding events that occur at

different sides of the boundary. Since binding events on two sides

of the boundary cannot overlap, the distribution over binding

configurations on one side does not depend on the distribution on

the other side. This independence may be important for tran-

scription regulation, for example, by providing a mechanism to

nullify the effects of binding events at neighboring promoters.

This way, a transcription factor or nucleosome that is positioned at

one of these promoters will not affect binding events in another

promoter located on the other side of the boundary. Although the

more common imperfect boundaries do not generate complete

independence, the stronger the boundary is, binding events on

one of its sides will have less effect on binding events on its other

side.

Another important effect generated by boundaries is an or-

dered positioning of nucleosomes (Fig. 3A). This periodic ordered

positioning was predicted by Kornberg and Stryer (1988) and can

also be observed in genome-wide measurements of nucleosomes

(Yuan et al. 2005; Lee et al. 2007; Whitehouse et al. 2007). This

pattern results from the fact that base pairs in the vicinity of

a boundary can participate in a relatively small number of possible

configurations in which these base pairs are covered by a nucleo-

some. As the distance from the boundary increases, the number of

configurations in which the base pairs are covered by nucleo-

somes, and therefore their probability to be covered, increases. At

distances from the boundary that are larger than LN, an additional

nucleosome can form between the boundary and the query base

pair, thus acting as a secondary boundary and by that forming the

observed periodic effect. For the more common case of imperfect

boundaries, the observed pattern is generally the same, but is, as

expected, less pronounced. In fact, this phenomenon is not spe-

cific to nucleosomes only, but rather to any molecule that can

potentially bind to any sequence location. However, the effect is

most pronounced at high molecule concentrations and is thus

especially evident in the case of nucleosomes, because of their

high abundance.

The described periodic pattern of nucleosome occupancy

caused by a single boundary in a uniform binding affinity land-

scape can have significant implications with regard to transcrip-

tion factor binding and the resulting promoter activation curves.

From a transcription factor perspective, at any fixed concentration

of the relevant transcription factor, the probability of binding

a site at different distances from the boundary is inversely pro-

portional to the probability of nucleosome formation at the same

location (Fig. 3B). Compared to a promoter with the same length

and transcription factor binding site but with no boundaries, one

can easily observe that the reduced nucleosome occupancy near

boundaries facilitates the binding of transcription factors to sites

located in their immediate vicinity (or at other relatively exposed

locations, i.e., troughs of Fig. 3A), thus allowing the boundary to

act as a general indirect activator, contributing positively to tran-

scription factor binding (in Fig. 3B, distances at which the red curve

is above the light green curve). Indeed, the role of poly(dA:dT)
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boundaries as activators was observed in the case of the yeast HIS3

promoter (Iyer and Struhl 1995). When poly(dA:dT) elements

were deleted from this promoter, there was a clear reduction in

expression that could not be explained by binding of transcription

factors to these elements. The activation observed was attributed

to changes in nucleosome organization on the promoter. This

positive effect was also observed in vivo upon the addition of a

binding site for a transcription factor whose concentration is

constant (Miller and Widom 2003). As mentioned in the begin-

ning of this section, this case is virtually identical to the addition

of an imperfect boundary for nucleosome formation. In this work,

two foreign proteins (LexA, TetR) were shown to cooperatively

interact with Gcn4p to activate yeast genes when target sites for

the foreign protein and for Gcn4p were placed at a short distance.

A more surprising theoretical effect, which can be easily ob-

served in Figure 3C but which to the best of our knowledge has

not been discussed in the literature, is the effect seen when the

binding site is located at large distances from the boundaries,

where there is increased probability for nucleosome formation

(peaks of Fig. 3A). At these distances, the probability for tran-

scription factor binding is reduced compared to a boundary-free

landscape. This analysis suggests that boundary elements may

also act as indirect repressors (in Fig. 3B, distances at which the

red curve is below the light green curve), in addition to their

Figure 3. Addition of a boundary element for nucleosome formation to a simple promoter. (A) The periodic pattern of nucleosome occupancy induced
by perfect boundaries for nucleosome formation (dark purple), as predicted by our thermodynamic model. Perfect boundaries are assumed to never be
occluded by nucleosomes. Shown is the nucleosome formation probability at each base pair, Pcovered, as a function of the distance from the boundary. The
same probability is computed for a sequence with no boundaries (pink). (B) Probabilities for transcription factor binding and nucleosome formation as
a function of the distance from a boundary element. Shown is the probability of a transcription factor site to be bound, Pbound (red), and the probability of
the center base pair within the binding site to be covered by a nucleosome, Pcovered (blue), as a function of the distance d of the site from the boundary,
under a fixed transcription factor concentration (see Table 1). For comparison, Pbound and Pcovered values, under the same transcription factor concen-
tration, for a corresponding binding site on a promoter with no boundaries (light green and dark green curves, respectively), are also displayed. (C)
Shown are graphs of transcription factor binding probabilities, Pbound, at increasing transcription factor concentrations, for the promoters described in D,
in which the transcription factor binding sites are located at different distances from a nucleosome boundary element. (D) Schematic illustrations for
the promoters used in C and E and the associated binding affinities for nucleosomes and transcription factors. (E) Shown in color is the nucleosome
formation probability at every base pair, Pcovered, for each of the promoters in D. Shown in black is the probability of transcription factor binding, Pbound.
For each promoter, we present Pcovered and Pbound values at three concentrations of the corresponding transcription factor, (10�3, 10�1.5, and 100 ). We
also illustrate the probable configuration of transcription factors and nucleosomes on these promoters, for each of the transcription factor concentrations,
by employing a threshold (0.6) for both transcription factor binding and nucleosome formation. Note that in promoters (marked as 2 and 5) where the
sites are relatively exposed at low transcription factor concentrations (owing to the effect of the boundary), the change in nucleosome occupancy in the
base pairs surrounding the sites is less pronounced at higher transcription factor concentrations, compared to promoters (marked as 3 and 4) in which the
sites were relatively occluded by nucleosomes at low transcription factor concentrations.
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documented role as activators, where their exact role is deter-

mined by the distance between the transcription factor binding

site and the boundary.

Both the repressive and the activating effects of boundaries

can be observed when examining the effects of boundaries on the

predicted promoter activation curves. As can be seen in Figure 3C,

for a promoter with a single transcription factor site, the addition

of a boundary element creates a shift effect (inflation effect in

additive space) similar to the one created by a uniform landscape

for nucleosome formation when compared to a nucleosome-free

situation. However, unlike the case of the uniform landscape, in

this case, the factor by which the concentration/affinity are mul-

tiplied can be either larger or smaller than 1 depending on the

distance between the boundary and the transcription factor site

(for details, see Supplemental material). As expected, when the site

is located at a distance where there is decreased probability for

nucleosome formation (troughs of Fig. 3A), the factor is <1, caus-

ing the promoter to be activated at lower concentrations (a shift of

the activation curve to the left), and by that acting as a general

indirect activator, as mentioned above. Conversely, when the site

is located at a distance where there is increased probability for

nucleosome formation (peaks of Fig. 3A), the factor is >1, causing

the promoter to be activated at higher concentrations (a shift of

the activation curve to the right, similar to the uniform nucleo-

some landscape case), and by that acts as a general indirect re-

pressor. Additionally, there are cases in which the site is located at

a distance where the probability for nucleosome formation is the

same as in a promoter without a boundary (intersection points in

Fig. 3A). In these cases, the factor is equal to 1, and the activation

curve is identical to that of the boundaryless promoter (in Fig. 3B,

distances at which the red curve intersects the light green curve).

As stated in the case of a uniform landscape for nucleosome

formation, a shift effect is equivalent to changing the affinity of

the transcription factor to its site. Thus, this observation suggests

that the same activation curve can, in fact, be generated by at least

two distinct promoters, one containing a boundary for nucleo-

some formation located at some distance from a transcription

factor site, and one where there is no boundary element but the

affinity of the transcription factor to its site is different (multiplied

by the above mentioned factor) (for details, see Supplemental

material). This can be useful when the affinity of a transcription

factor to its site cannot be easily modulated, for example, for

transcription factors that are not able to physically bind DNA with

a wide range of different affinities. In these cases, a boundary el-

ement can serve as a means to fine-tune the promoter activation

curve, allowing a significant increase in the possible activation

behaviors that can be reached.

Finally, using our framework, we can predict the effect of

increasing transcription factor concentration not only on the ac-

tivation curves but also on the changes to nucleosome organiza-

tion along the promoter. When examining the actual effect of

increasing transcription factor concentrations on the probability

(Pcovered) of each base pair to be covered by nucleosomes (Fig. 3D,E)

in promoters where a boundary is located at various distances

from a transcription factor site, several observations can be made.

First, we see that a boundary generates significant troughs in the

Pcovered graph even when no transcription factor is present. In

sequences where the sites are located in a region protected by the

boundary element, the trough resulting from increasing concen-

trations of the transcription factor will slightly broaden or deepen

the troughs that are already generated by the boundary (Fig. 3E,

purple and red graphs). However, when the sites are located at

regions of high nucleosome coverage (Fig. 3E, blue and brown

graphs), high transcription factor concentrations will generate

a new trough in a previously peaked region, thereby changing the

nucleosome occupancy in the area in a more dramatic manner.

These results also make clear testable hypotheses regarding the

changes in nucleosome positioning that may be expected at dif-

ferent transcription factor concentrations.

From the analysis above, it is clear that even simple non-

uniform landscapes in the form of boundaries, which are present

at many natural promoters, can have a significant effect on tran-

scription factor binding. In addition to generating independence

between binding events on different sides of the boundary, bound-

aries also affect the binding probability of a transcription factor to

its cognate site. This effect can be either repressive or activating,

depending on the distance of the site from the boundary. In gen-

eral, the addition of a boundary element to a promoter with a

single transcription factor binding site causes a shift (in log scale)

in the promoter activation curve, thus allowing the generation of

a diverse range of curves, simply by modifying the distance be-

tween the site and the boundary (Fig. 3C). This result suggests

a mechanism by which the same transcription factor may use the

same site at various promoter locations to regulate different sub-

sets of its targets with different activation curves.

Addition of binding sites for transcription factors causes
a change in the shape of the activation curve

In this section, we address the possible effects of adding another

type of element to a simple promoter with a single transcription

factor binding site—an additional binding site for a transcription

factor whose concentration is not constant, but rather is changing

as some function of the concentration of the transcription factor

binding the original site. The addition of such an element creates

a new peak in the affinity landscape for transcription factor

binding in the location along the promoter where the site is

added. For simplicity, throughout most of this section, we assume

that the added site is an additional site for the same transcription

factor, but the observations we discuss are also valid for a site for

a different transcription factor whose concentration is not con-

stant.

The addition of a binding site, which forms a two-site pro-

moter architecture, is of particular interest in the presence of

nucleosomes, since it has already been discussed in the literature.

Owing to the abundance of nucleosomes in eukaryotic cells

and the fact that a long stretch of generally inaccessible DNA is

wrapped around the histone core of each nucleosome, it was

previously hypothesized that nucleosomes can generate wide-

spread obligate cooperative binding interactions between tran-

scription factors. The idea was that a transcription factor that is

able to displace a nucleosome and bind somewhere in the DNA

previously occupied by that nucleosome frees up adjacent sites for

binding of additional transcription factors, and by that positively

affects their binding probabilities (Adams and Workman 1995;

Polach and Widom 1996; Miller and Widom 2003). As mentioned

in the previous section, this type of obligate cooperativity was

already observed in vivo upon the addition of a site for a tran-

scription factor whose concentration is constant (Miller and

Widom 2003). Here we will examine the case of two binding sites

for the same transcription factor or for related transcription fac-

tors, both with regard to the generation of obligate cooperativity

as well as other possible effects of the added site on the binding

probability to the original site.
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In many aspects, the case of an additional binding site is

similar to the case of addition of boundary elements that was

described above. Under any fixed concentration of the cognate

transcription factor, the addition of such a site is identical to the

addition of a boundary element, and therefore we observe the

same periodic effect that was observed in the boundary case. Thus,

the effect of the new binding site on the probability of binding to

the original site can again be either positive or negative depending

on the distance between the sites, exactly as in Figure 3B. Hence,

the hypothesized obligate cooperativity mentioned above is, in

fact, what we described as the predicted positive effect when the

two sites are placed at distances such that there is decreased

probability for nucleosome formation (troughs in Fig. 3A). How-

ever, similar to the boundary case above, here too, we predict that

in addition to the hypothesized cooperative effect, there should

also exist a destructive effect between binding sites when placed at

distances such that there is increased probability for nucleosome

formation (peaks in Fig. 3A). To the best of our knowledge, this

effect, like the predicted negative effect of the boundary, has not

been discussed in the literature.

Both the cooperative and the destructive effects can be ob-

served when plotting the probabilities of transcription factor

binding to its site, on a promoter that contains an additional site

for a different transcription factor, under a wide range of possible

concentrations for the two transcription factors (Fig. 4). When the

sites are located at a short distance of 10 bp apart, a cooperative

effect can be observed. In most of the range of transcription factor

concentrations, the most prevalent configuration is one where

both sites are occupied, even when the concentration of one of the

transcription factors is relatively low. This is due to the positive

effect on the binding probability of one transcription factor cre-

ated when the other transcription factor binds to its site. The de-

structive effect can be observed when the two sites are located at

a distance of 135 bp away. Here we see that the configuration

where both sites are occupied is highly unlikely and occurs only at

extremely high concentrations of both transcription factors. This

is because the binding of one transcription factor to its site nega-

tively affects the probability of the other transcription factor to

bind its site. In this case, we can observe a different nonmonotonic

effect: even when the concentration of one transcription factor is

increased, its binding probability can decrease, if the concentra-

tion for the other factor is also increased at the same time, creating

a stronger destructive effect between the sites.

The suggested mechanism for a nucleosome-induced obligate

cooperative/destructive effect is appealing since it is general and

does not require specialized evolution of proteins to allow for

complex protein–protein interactions. This mechanism also sug-

gests a function for the recent observations regarding abundant

weak binding (Tanay 2006; Li et al. 2008), since weak binding sites

are more sensitive to cooperative effects, as can be seen in Figure

5D–F. Other experimental observations that can potentially be

explained by this obligate cooperativity are related to transcription

factors with dual repressor–activator activities (Rubin-Bejerano

et al. 1996; Ma 2005). Although we found no experimental evi-

dence for this mechanism, a transcription factor that normally

operates as a repressor (activator) can seem to act as an activator

(repressor) if it promotes the binding of a nearby activator (re-

pressor) by displacing a nucleosome that covers both sites. Still,

most documented cases of transcription factor binding coopera-

tivity like the Gal4p case (Giniger and Ptashne 1988) are usually

Figure 4. Obligate cooperative/destructive effects between transcription factor sites. For two promoters containing two sites for different transcription
factors (marked as transcription factors 1 and 2) at different distances (10/135 bp), shown is the probability of binding for transcription factor 1 to its site
(left site) for increasing concentrations of both transcription factors (right heat maps). This probability is, in fact, the sum of two probabilities: the
probability that only transcription factor 1 is bound to its site while transcription factor 2 is not bound to its site (left heat maps), and the probability that
both sites are occupied (middle heat maps). Note that when the sites are located at a distance of 10 bp from each other (top heat maps), a cooperative
effect is observed—the binding of one transcription factor positively affects the probability of the other transcription factor to be bound, and thus the
most prevalent configuration is one where both sites are occupied, even when the concentration of one of the transcription factors is relatively low.
However, when the distance between the sites is 135 (bottom heat maps), a destructive effect is observed. The binding of one transcription factor
negatively affects the probability of the other transcription factor to be bound, and thus the configuration where the two sites are occupied is rare and
occurs only at extreme concentrations of both factors.
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attributed to protein–protein interactions. Thus, it remains to be

seen whether the suggested mechanism is, indeed, a prevalent

mechanism for cooperative/destructive binding in vivo.

Thus far, we have seen several aspects in which the addition

of a binding site exhibits the same effect as the addition of

a boundary element. Nevertheless, the two cases are not identical.

The difference between the above boundary case and the case of

adding a transcription factor binding site becomes apparent when

we carefully examine the effect on the resulting activation curve.

As in the addition of a boundary, the addition of a site changes the

location of the activation curve. (Cooperative effects result in

a curve to the left of the single-site curve, while a destructive effect

results in a curve to the right of the single-site curve [see Fig. 5B].)

However, this is no longer a simple shift effect but rather a more

complex effect that changes the shape and the steepness of the

activation curve (for details, see Supplemental material). Although

the binding of a transcription factor to one of its sites effectively

forms a boundary, since the concentration of the transcription

factor is not constant, the strength of the boundary formed is not

constant. Thus, at each concentration, the strength of the effect

on the binding probability is different—inducing a shape change

in the Pbound graph (Fig. 5B). In Figure 5B, we see the predicted

activation curves resulting from different promoter architectures,

either with a single site (green curve) or with an additional site at

various distances, in the presence of a uniform landscape for nu-

cleosome formation. The ratio between the binding probability in

a single-site architecture and the binding probability in a two-site

architecture, for any given concentration, can be viewed as the

cooperative/destructive effect (Fig. 5), that is, the contribution

made by the presence of one site on the probability for binding to

another site. As can be seen, the strength of the observed effect

changes with concentration and, as stated above, can be both

positive (ratio >1) or negative (ratio <1), depending on the dis-

tance between the sites.

In summary, it is clear that nucleosomes generate not only an

obligate cooperative effect but also a more surprising destructive

effect between transcription factors depending on the distance

between the sites, as in the simple case of boundary addition.

Figure 5. Addition of a transcription factor site to a simple promoter and its effect on the Pbound graph. (A) Illustrations of the promoters considered and
the associated binding affinities for nucleosomes and transcription factors. (B) Shown are transcription factor binding probabilities to a low-affinity
binding site for a simple promoter with a single low-affinity site (green), and for promoters with an additional high-affinity site located at various distances
from the low-affinity site at increasing transcription factor concentrations. The addition of a transcription factor binding site can have both a cooperative
effect (light purple and pink curves) and a destructive effect (yellow and cyan curves). Note that the addition of a transcription factor site results in
a change in the shape of the activation curve. (C) Shown is the ratio between the probability of transcription factor binding to the low affinity site in
a promoter with two transcription factor sites (Pbound,2sites) and in a promoter with one transcription factor site (Pbound,1site) at increasing transcription
factor concentrations. This ratio can be viewed as the strength of the cooperative/destructive binding effect between the transcription factors (see main
text). The ratio obtained changes as concentration increases and can be larger or smaller than one indicating a cooperative/destructive effect, re-
spectively. (D–F) Examination of the cooperative effect generated by adding an adjacent high-affinity site to a promoter with a single, either low- or high-
affinity, transcription factor site. (D) Illustrations of the promoters considered and the associated binding affinities for nucleosomes and transcription
factors. (E) Transcription factor binding probability graphs for promoters with one high-affinity site (pink curve), two high-affinity sites (red curve), one
low-affinity site (light blue), or one low-affinity and one high-affinity site (blue). The energetic contribution FðTF;psite ;psite+LTF Þ

� �
from binding is set to 1200

for a high-affinity site, and 200 for a low-affinity site. (F ) Shown is the ratio between the probability of transcription factor binding to the left site (marked
as site 1) in a promoter with two transcription factor sites (Pbound,2sites) and in a promoter with one transcription factor site (Pbound,1site) at increasing
transcription factor concentrations. Note that the cooperative effect between a low-affinity site and a high-affinity site is larger than the cooperative effect
between two high-affinity sites.
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However, unlike the addition of a boundary element, the addition

of a transcription factor site also induces a shape change in the

activation curve, creating a wide range of possible promoter acti-

vation curves.

Combinations of promoter elements can produce a diverse
range of activation curves

In the above section, we discussed the effects of adding a boundary

element or a transcription factor binding site to a simple promoter

containing a single site for a transcription factor in the presence of

nucleosomes. However, native promoters often contain a combi-

nation of several such elements. In this section, we consider the

effects of such combinations on promoter activation curves.

Recall that in the case of the simple single-site promoter, the

addition of a boundary element was associated with a simple shift

effect (in log scale), while the addition of a transcription factor is

associated with a change in the shape and steepness of the acti-

vation curve. However, in more complex promoters, which con-

tain more than one transcription factor site, both the addition of

a boundary and the addition of a transcription factor site can in-

duce a change in the shape and steepness of the activation curve

(for details, see Supplemental material).

Examples for activation curves resulting from such combi-

nations of promoter elements and the strength of cooperative/

destructive effects formed between the transcription factor bind-

ing sites can be seen in Figure 6, where we consider promoters

containing two adjacent sites forming a cooperative interaction.

When we add to these promoters one or two boundaries at various

distances from the sites, we can enhance or reduce the strength of

their cooperative interaction. Note the architecture in which the

sites are located between two boundaries (black curve), resulting in

a significantly sharper, almost digital, activation curve. Thus, a

combination of a few promoter elements is sufficient in order to

create a wide range of activation curves.

It is important to note that using our modeling framework,

we are able to efficiently produce the predicted activation curve for

any given promoter architecture. Moreover, it enables us to ex-

amine analytically the nature of changes to the activation curve

when comparing any two promoter architectures. It should be

noted that such effects can also be computed simply by describing

the transition between the two promoter architectures in terms of

single promoter element addition/deletion steps, and serially

composing the effect of such steps to form the overall effect (for

details, see Supplemental material).

To conclude, from our theoretical framework it follows that,

indeed, nucleosomes may have significant effects on transcription

regulation, since the mere presence of nucleosomes enables the

production of a wide range of possible promoter activation curves

using even a small number of promoter elements, where each el-

ement is either a boundary element for nucleosome formation or

a binding site for a transcription factor.

Nucleosomes as generators of distinct noise behaviors

In recent years, there has been surging interest in understanding

the causes of cell-to-cell variability, or transcriptional noise, in

gene expression levels among cells from the same population

(Elowitz et al. 2002; Raser and O’Shea 2004). Such expression

noise is speculated to be beneficial when phenotypic diversity is

required to allow subpopulations to have increased fitness under

unexpected environmental changes.

Recently, several papers have implicated nucleosome-free

regions (Tirosh and Barkai 2008) in general and sequences that

form boundaries for nucleosome formation in particular (Field

et al. 2008), with low expression noise. Here we examine the

theoretical roles of boundaries and transcription factor sites on

transcriptional noise.

Recall that the value of Pbound reflects the probability of a site

in a single cell to be occupied. Therefore, a population of cells with

an extreme Pbound value corresponds to low expression noise, since

such a value implies that most cells in the population are likely to

share the same state of transcription factor binding (either bound

or unbound), and are therefore likely to share similar expression

values. On the other hand, intermediate Pbound values correspond

to high expression noise, since in this case, the population is

Figure 6. Combination of promoter elements produces a diverse range
of activation curves. (A) Schematic illustrations for the promoters used in
this figure and the associated binding affinities for nucleosomes and
transcription factors. (B) Probability of transcription factor binding to
a low-affinity site at increasing transcription factor concentrations for
promoters with this low-affinity site as a single site (light colors, Pbound,1site)
or for promoters with an additional high-affinity site for the same tran-
scription factor (dark colors, Pbound,2sites). The distance between the two
binding sites is set to 1 bp. The sites are located on the promoters at
varying distances from one or two boundary elements for nucleosome
formation. The energetic contribution FðTF;psite ;psite+LTF Þ

� �
from binding is set

to 1200 for a high-affinity site, and 200 for a low-affinity site. (C) The ratio
between Pbound,2sites to Pbound,1site from B at increasing transcription factor
concentrations. This ratio represents the strength of the cooperative/de-
structive binding effect between the transcription factors. The ratio
obtained is >1, indicating a positive cooperative effect. However, the
strength of the effect depends on the locations of the sites relative to the
boundary: the ratio is higher for sites that are relatively covered by
nucleosomes at low transcription factor concentrations.
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heterogeneous, where some cells exhibit one state of transcription

factor binding, and others exhibit a different state (Fig. 7).

As stated in the above sections, assuming a multiplicative

increase in transcription factor concentration, the effect of adding

a boundary element to a promoter with a single site for a tran-

scription factor is a shift in the activation curve, where the shape

of the activation curve (Pbound graph) remains unchanged. Thus,

in this case, the range of transcription factor concentrations re-

sponsible for ‘‘noisy’’ Pbound values is altered (shifted in some di-

rection), but its extent remains constant (Fig. 7A). Therefore, we

predict that boundaries are not necessarily linked with low ex-

pression noise. The observed effect on transcriptional noise is,

according to our model, dependent on the physiological range of

transcription factor concentrations. If the boundary resulted in

a shift toward activation at transcription factor concentrations

lower/higher than the physiological concentration, we will ob-

serve a fully activated or fully repressed, and therefore not ‘‘noisy’’

promoter at the native concentrations. If, however, the boundary

caused a shift such that the native transcription factor concen-

tration is responsible for an intermediate Pbound value, the pro-

moter will appear to be ‘‘noisy.’’ Specifically, in the common case

in which transcription factors regulate both promoters with a

boundary (adjacent to the binding site) and promoters without

a boundary, the general association between boundaries and low

noise (Field et al. 2008) may be explained if we assume that both

types of promoters are activated under the physiological concen-

tration of the transcription factor to a reasonable extent. In these

cases, owing to the shift in activation curves, promoters contain-

ing a boundary near a transcription factor binding site will exhibit

higher Pbound values that are likely to be beyond the ‘‘noisy’’ range,

and thus, such promoters will appear to be less noisy.

Conversely, the addition of a transcription factor site to a

simple promoter with a single transcription factor, or the addition

of either a boundary element or a transcription factor site to

a promoter containing more than a single transcription factor site,

results in a different effect on expression noise. As seen in the

above sections, such additions result in a change to the shape and

steepness of the activation curve. Therefore, both the location and

the extent of the range of concentrations in which the promoter is

‘‘noisy’’ can be altered depending on the strength of cooperative/

destructive effects between sites and positive/negative effects in-

duced by a boundary (Fig. 7B,C).

Note, however, that the above analysis is valid only if we

assume a multiplicative increase in the concentration of the acti-

vating transcription factor. If the increase is additive instead of

multiplicative, then even for the simple case of adding a boundary

to a promoter with a single transcription factor site, we get an

inflation effect that changes the extent of the range of transcrip-

tion factor concentrations responsible for ‘‘noisy’’ Pbound values,

making it either larger or smaller, depending on whether the

factor by which the concentration is multiplied is smaller or larger

than 1.

The actual ‘‘noise’’ behavior of native promoters thus de-

pends not only on their architecture, but also on the physiological

concentrations of the transcription factors that regulate them.

While the addition of boundary elements causes—assuming a

multiplicative increase in transcription factor concentration—a

mere shift in the range of transcription factor concentrations re-

sponsible for intermediate, ‘‘noisy’’ values of Pbound, the addition of

other transcription factor sites changes both the location and the

extent of this range, making the promoter ‘‘noisy’’ over a wider/

narrower range of concentrations.

Figure 7. Nucleosomes as generators of distinct noise behaviors.
Shown is the ‘‘noisy’’ regime of intermediate Pbound values (defined as
0.3–0.7) for the low-affinity (left) site in different promoters. These in-
termediate Pbound values correspond to a heterogeneous cell population
where some cells exhibit one state of transcription factor binding, and
others exhibit a different state. (A) Promoters (from Fig. 3C) with a single
transcription factor site and a single boundary element, located at various
distances from the site. Note that in all promoters the extent of the range
of transcription factor concentrations responsible for ‘‘noisy’’ Pbound values
is the same, but its location changes. (B) Promoters (from Fig. 5B) with
high- and low-affinity sites for some transcription factor. Sites are located
at various distances from each other. Note that both the location and the
extent of the range of transcription factor concentrations responsible for
‘‘noisy’’ Pbound values are altered between promoters. When the sites are
close together (10 bp), a cooperative effect is formed, and the extent of
the range of concentrations responsible for the ‘‘noisy’’ regime is de-
creased. Conversely, when the sites are 135 bp apart, a destructive effect
is observed, and the extent of the range of concentrations responsible for
the noisy regime is increased. (C) Promoters (from Fig. 6B) with a high-
and a low-affinity site for some transcription factor, located at various
distances from a boundary element. The distance between the sites is
set to 1 bp. Here, the boundary addition results in a change to both the
location and the extent of the range of transcription factor concentrations
responsible for ‘‘noisy’’ Pbound values. When the sites are close to the
boundary (10 bp), the probability of a nucleosome covering the sites and
generating a strong obligate cooperative effect is decreased, and thus the
extent of the range of concentrations responsible for the noisy regime is
increased. Conversely, when the sites are far from the boundary (135 bp),
the probability of a nucleosome covering the sites and generating a
strong obligate cooperative effect is increased, and, thus, the extent of the
range of concentrations responsible for the noisy regime is decreased.
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Applicability to real promoters and binding affinities

As discussed above, we mostly consider simplified promoters and

binding affinities. Using such controlled affinity landscapes allows

us to analytically explore and characterize the effects of basic

promoter elements and to make general observations regarding

the activation curves of promoters that are composed of such

elements. However, as we now show, our modeling framework is

not restricted to such simplified affinities and can be readily ap-

plied to real sequences and binding affinity landscapes, thereby

attempting to address the challenging task of predicting expres-

sion kinetics directly from promoter sequence.

Before we present our results on real sequences and affinity

landscapes, we note that this task is particularly challenging for

several reasons. First, our models rely on the ability to generate

accurate affinity landscapes for each sequence using the binding

sequence preferences of transcription factors and nucleosomes,

but comprehensive models of such binding preferences have only

recently become available, and there are still some differences

between different such published preferences. Second, in addition

to transcription factors and nucleosomes, there are other factors

that we do not model such as RNA polymerase binding or the ac-

tion of chromatin remodelers, which most likely influence the

expression kinetics of real promoters. Finally, our model uses

the binding occupancy of transcription factors on promoters as

a proxy for expression levels, but the function that translates

binding events into expression levels in living cells is likely more

complex.

Despite these remaining challenges, we demonstrate below

that our current modeling framework can successfully predict,

from sequence alone, the expression behavior measured in two

independent experimental studies (Iyer and Struhl 1995; Lam

et al. 2008).

As a first application of our framework to real sequences, we

return to the set of PHO5 promoter variants (Lam et al. 2008) de-

scribed above. Instead of the simplified affinity landscapes that we

used above, we now use real binding preferences for both nucle-

osomes (Kaplan et al. 2009) and for Pho4p (Lam et al. 2008) to

generate binding affinity landscapes for each sequence variant,

and reapply our model to these real affinity landscapes. The use of

real affinity landscapes also allows us to include two additional

variants from the paper of Lam et al. (L2 and H2) that we pre-

viously omitted, since when using simplified affinity landscapes,

they were symmetric to another variant (wild-type and H3 var-

iants, respectively) and hence identical in this simplified affinity

space.

Examining the activation curves predicted by our model us-

ing these real affinities, we find that as in the case of the simplified

affinity landscapes, here too our model is able to distinguish be-

tween variants with high- and low-affinity exposed sites, thereby

predicting the experimentally measured early activation of pro-

moters with high-affinity exposed sites (Fig. 8B). That is, our

framework correctly models the effect of the differences in the

derived affinity landscapes on the competition between Pho4p

and nucleosomes and translates the results of this competition

into predictions of expression kinetics in a manner that matches

the measured activation curves.

We also apply our framework to a set of variants constructed

for the HIS3 promoter (Iyer and Struhl 1995). Since the native HIS3

promoter contains a poly(dA:dT) element, the use of this set allows

us to test on real promoters, the effect on expression of nucleo-

some-disfavoring sequences that provide a boundary for nucleo-

some formation. In their paper, Iyer and Struhl show that variants

of the HIS3 promoter mutated to have longer poly(dA:dT) se-

quences exhibit stronger levels of expression. Their results further

suggest that the effect of these poly(dA:dT) elements on the pro-

moters is mediated through their effect on the nucleosome orga-

nization. Using real affinities for nucleosomes (Kaplan et al. 2009)

and for the Gcn4p (MacIsaac et al. 2006) transcription factor,

which targets the HIS3 promoter, we find that our model indeed

predicts higher levels of Gcn4p occupancy and thus higher levels

of expression for variants containing longer tracts of poly(dA:dT)

elements, thereby matching the experimental observations of Iyer

and Struhl (Fig. 8E).

To summarize, we show that despite the challenge of pre-

dicting expression kinetics for real promoters using real molecule

affinities, our model is able to match the experimentally measured

expression behavior of two independent data sets, using real

sequences and binding affinities for transcription factors and

nucleosomes. These results further underscore the importance of

incorporating nucleosomes into models of transcriptional regulation.

Discussion
The construction of quantitative models for transcription regula-

tion represents one of the next great challenges in molecular

biology. To build such models, we need to characterize the tran-

scriptional components that are involved and learn how these

components combine to produce expression patterns. Recently, it

has become clear that chromatin is one such component, which

plays a possibly crucial role in transcriptional processes. However,

a quantitative understanding of the nature of its effects is still

missing.

Here, by extending existing thermodynamic models to in-

clude both transcription factors and nucleosomes, we are able, for

the first time, to theoretically explore possible roles and con-

sequences that binding affinity landscapes of nucleosomes may

have on transcriptional regulation. Through our framework,

which generates a distribution over all possible configurations by

combining the binding affinities and concentrations of bound

transcription factors and nucleosomes in each configuration, we

are able to distinguish between the effects of different promoter

elements on the resulting promoter activation curves, and to

provide several insights regarding the interplay between nucleo-

somes and transcription factors.

These insights advance our understanding of the effects of

nucleosome positioning on transcription. Some of them suggest

mechanistic explanations for experimental observations, such as

the role of nucleosomes as general repressors and as generators of

obligate cooperativity between transcription factors, while others

offer several new testable hypotheses. These hypotheses include

the possible role of different nucleosome landscapes in generating

diverse promoter activation curves, and in determining cell-to-

cell expression variability. Other hypotheses that result from our

framework include the role of sequences that form nucleosome

boundaries as activators or repressors of transcription, the obligate

cooperative/destructive effects between transcription factor bind-

ing sites, which can induce a change to the shape of the activation

curves, and the ability of nucleosomes to generate dual activator/

repressor transcription factor behaviors.

Currently, most existing data regarding these issues are an-

ecdotal or of low resolution and thus do not allow for a systematic

testing of these hypotheses. As increasing amounts of high-quality

data targeted at these questions (such as high-resolution data for
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noise and expression curves and nucleosome positioning data at

various time points along promoter activation curves) are gener-

ated, these hypotheses could easily be tested. One promising di-

rection for testing these hypotheses is studying the activation

dynamics of synthetic promoter variants containing different

combinations of the promoter elements discussed in this study

(boundary elements and transcription factor sites). Such large-

scale libraries aimed at exploring the effects of transcription factor

binding on expression have already started to emerge (Ligr et al.

2006; Gertz et al. 2009). However, with the wealth of new hy-

potheses gained by this work, more elaborate variant libraries

aimed also at studying the effects of nucleosomes on transcription

can be designed.

In this study, we applied our model mostly to abstract pro-

moters with relatively simple binding affinity landscapes for nu-

cleosomes and transcription factors. This allowed us to systematically

explore the effects of nucleosomes on transcription by focusing

on the effects of each promoter element separately. However, as

we show above, our framework can also be used to address the

challenging task of predicting expression from real promoter

sequences. By applying our model to promoter sets from two in-

dependent studies, we demonstrate its ability to recapitulate ex-

perimentally measured expression using only binding preferences

for transcription factors and nucleosomes, thereby underscoring

the importance of the interplay between nucleosomes and tran-

scription factors in determining expression kinetics.

Although the above successes in predicting expression from

sequence are encouraging, our present model is still far from fully

addressing this challenging task. Nonetheless, we are confident

that our modeling approach and the insights gained from our

Figure 8. Our model predicts expression behavior of real promoter sequences. (A) Shown are real binding affinity landscapes for each of the PHO5
promoter variants from Lam et al. (2008) (800 bp upstream of the PHO5 gene) (see description in Fig. 2A), generated using the real binding preferences
for Pho4p (Lam et al. 2008) and for nucleosomes (Kaplan et al. 2009). For each base pair, the binding affinity landscape displays the likelihood for a bound
transcription factor or nucleosome to start at that sequence position. Note that since real sequences are used, unlike in Figure 2, variants L2 and H2 are no
longer identical to variants wild type and H3 (respectively), and are therefore included in the analysis. (B) Model prediction of the binding probability of
Pho4p, Pbound, generated by applying our thermodynamic framework to each of the promoter variants from A at increasing Pho4p concentrations. The
yellow inset indicates the predicted relative ordering of the onset times of the promoter variants with exposed low-affinity sites. Note that here, too,
similar to the case when using simplified promoters (Fig. 2), the order predicted is identical to the one measured (see Fig. 2B). (C ) Shown is the predicted
average nucleosome occupancy (log occupancy divided by the median) at low (10�5) Pho4p concentration for each position along the sequence of the
wild-type variant of PHO5. (D) Same as A, but for HIS3 promoter variants constructed by Iyer and Struhl (1995), in which a native 17-bp nonperfect
poly(dA:dT) element was either deleted or replaced by a perfect poly(dA:dT) element of length 17, 29, or 42 bp. For each variant, shown are real binding
affinity landscapes (intergenic region between the HIS3 gene and the upstream gene MRM1 [also known as PET56 ]), generated using the real binding
preferences for Gcn4p (MacIsaac et al. 2006) and for nucleosomes (Kaplan et al. 2009). (E ) Model prediction of the binding probability of Gcn4p, Pbound,
generated by applying our thermodynamic framework to each of the promoter variants from D at increasing Gcn4p concentrations. (F) Expression value
measurements by Iyer and Struhl (1995) for each of the promoter variants from D.
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analysis will be useful for developing future models for transcrip-

tional control. As a first step in this direction, we must alleviate

some of the simplifying assumptions that we made in order to

facilitate our theoretical examination. This can easily be done for

most of our modeling assumptions. For example, the displace-

ment model for nucleosomes can be replaced by a possibly more

realistic model, according to which, in addition to displacement

of nucleosomes, partial and transient unwrapping of some of the

147 bp wrapped around the histone core can occur. This would

allow transcription factors to access their sites while the histone

core remains bound to the remaining base pairs (Polach and

Widom 1995). This change can be done by allowing the histone

core to bind less than LN (= 147) bp with some energetic cost paid

for unwrapping several base pairs. The exposed base pairs can then

be bound by transcription factors. Note that such an alternative

model, which would model both nucleosome displacement and

partial unwrapping, would still predict the cooperative and de-

structive effects between proximally bound transcription factors

that we presented above, although the precise details at which

such interactions occur might change.

Modeling the transition from binding to expression is also

possible and requires the definition of such a transition function.

An example for a possible transition function can be seen in Segal

et al. (2008). Explicit cooperative effects that represent protein–

protein interactions can also be added on top of the obligate

cooperativity stemming from competition with nucleosomes. See

a possible implementation in Segal et al. (2008). Finally, to attain a

satisfactory quantitative, mechanistic model and to truly under-

stand transcriptional processes, other components besides nucle-

osomes that are currently insufficiently characterized, such as RNA

polymerase, the basal transcription machinery, and chromatin

remodelers, must be properly incorporated into transcriptional

models. Nevertheless, the incorporation of nucleosomes in tran-

scriptional models is now within reach, representing a step for-

ward toward a quantitative understanding of transcription and

toward predicting expression patterns from DNA sequences.

URLs

Additional information including the source code for the imple-

mentation of our model can be found at http://genie.weizmann.

ac.il/pubs/tf_nuc_model09/.
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