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ABSTRACT
Biologicaldata,suchasgeneexpressionprofilesor proteinse-
quences,is often organizedin a hierarchyof classes,where
theinstancesassignedto “nearby” classesin thetreearesim-
ilar. Most approachesfor constructinga hierarchyusesimple
local operations,that arevery sensitive to noiseor variation
in the data. In this paper, we describeprobabilistic abstrac-
tion hierarchies(PAH) [11], ageneralprobabilisticframework
for clusteringdatainto a hierarchy, andshow how it canbe
appliedto a wide variety of biological datasets. In a PAH,
eachclassis associatedwith a probabilisticgenerative model
for the data in the class. The PAH clusteringalgorithm si-
multaneouslyoptimizesthreethings: the assignmentof data
instancesto clusters,the modelsassociatedwith theclusters,
andthe structureof the abstractionhierarchy. A uniquefea-
tureof thePAH approachis thatit utilizesglobaloptimization
algorithmsfor the last two steps,substantiallyreducingthe
sensitivity to noiseand the propensityto local maxima. We
show how to apply this framework to geneexpressiondata,
proteinsequencedata,andHIV proteasesequencedata. We
alsoshow how our framework supportshierarchiesinvolving
morethanonetypeof data.We demonstratethatour method
extractsusefulbiologicalknowledgeandis substantiallymore
robustthanhierarchicalagglomerative clustering.

1. Intr oduction
Recentdevelopmentsin genomicshave allowedtheaccu-

mulationof largeamountsof biologicaldata:geneandprotein
sequences,geneexpressiondata,andmore.Importantbiolog-
ical knowledgeis implicit in this data,but extracting it is a
difficult task. Onevery usefulapproachfor providing insight
into the datais to organizethemin a “similarity” hierarchy;
datainstancesthatare“nearby” areoften functionallyrelated
to eachother, sothatthehierarchyprovidesinsightaboutcel-
lular mechanisms.One exampleis the analysisof genomic
expressiondata,wherethelevel of mRNA transcriptof every�
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genein the cell canbe measuredsimultaneouslyusingDNA
microarrays. The most commonlyusedmethodfor analyz-
ing this datais clustering,a processwhich identifiesclusters
of genesthat have similar expressionprofiles (e.g., [3, 14]).
Genesthat are similarly expressedare often involved in the
samecellularprocesses,sothatclusteringsuggestsfunctional
relationshipsbetweenclusteredgenes.Anotherimportantex-
ampleis theclassificationof proteinsinto a taxonomyof sub-
familiesbasedon their sequenceor structure(e.g.,[15]). Pro-
teinswhosesequenceor structurearesimilaroftenplaysimilar
rolesin the cell, so that proteinswhosefunction is unknown
may be assignedputative functionsby measuringtheir simi-
larity to thedifferentsubclassesin thehierarchy.

Discovering the hierarchyis a key part of the analysis.
The algorithmsmostoften appliedto biological datausean
agglomerativebottom-upapproach[3, 15]. Althoughtheseal-
gorithmshavebeenshown to providemuchinsightinto thebi-
ologicalprocesses,they suffer from several limitations. First,
they proceedvia aseriesof local improvements,makingthem
particularlyproneto local maxima. Second,the clustersare
often constructedbaseddirectly on the raw data;models(if
any), areconstructedasa post-processingstep.Thus,domain
knowledgeaboutthe typeof distribution from which datain-
stancesaresampledis rarelyusedin theformationof thehier-
archy. Theselimitationsimply thatthehierarchiesconstructed
areoftenquitebrittle: their structurecanvary substantiallyas
a resultof smallperturbationsin thedata.Clearly, a high sen-
sitivity of thelearnedhierarchyto thedataraisesdoubtsabout
the validity of biological conclusionsdrawn from the hierar-
chy. Thefactthattree-constructionalgorithmscanbesensitive
to datawasmadeby Felsenstein[4] in thecontext of phyloge-
netictrees,leadingto theuseof bootstraptechniquesin order
to increasethebiologicalvalidity of theresults.

Althoughonecouldapplybootstraptechniquesto hierar-
chicalclusteringtechniquesaswell, in this paperwe propose
an alternative techniquefor clusteringbiological data,which
alsohasseveral otheradvantages.Our approachis basedon
probabilisticabstractionhierarchies(PAH) [11], aprobabilis-
tically principledgeneralframework for learningabstraction
hierarchiesfrom data. It usesa Bayesianapproach,where
the differentmodelscorrespondto differentabstractionhier-
archies.Eachleaf in thetreecorrespondsto a class,andis as-
sociatedwith aclass-specificprobabilisticmodel(CPM) from
which the datais generated.The prior over models(hierar-
chies) is designedto enforceour intuition that classesthat
arenearto eachother in the treehave similar datadistribu-
tions.Segaletal. [11] presentageneralalgorithmfor learning
the PAH modelparametersandthe treestructurein the PAH
framework. Unlikemany otherclusteringapproaches,theiral-



gorithmuses“global” optimizationstepsfor learningthebest
possiblehierarchyandCPMparameters.

Thereareseveralimportantadvantagesto thePAH frame-
work, thatmake it particularlysuitablefor biologicaldatasets.
Theglobal optimizationstepshelp avoid local maxima. Fur-
thermore,the abstractionhierarchytendsto pull the parame-
tersof oneCPM closerto thoseof nearbyones,which natu-
rally leadsto a form of parametersmoothingor shrinkage [9].
Both of theseincreasethe robustnessof the model, making
it lesssensitive both to noise in the dataand to the partic-
ular choiceof dataset usedto constructthe hierarchy. The
robustnessandreproducibilityof the hierarchymake conclu-
sionsderivedfrom thehierarchymorevalid from a biological
perspective. Finally, themodel-basedapproachallows theex-
ploitationof domainstructuralknowledgemoreeasily.

In this paper, we extend the generalPAH framework to
handlebiological data. We focus on the two typesof data
whereclusteringhasbeenusedmostoften: geneexpression
andsequencedata. For eachdatatype, we describeboth an
appropriateclassof CPMsandanappropriateprior over mod-
els. We alsoshow how to combinemodelsfor differentdata
types,allowing usto learnfrom heterogeneoussourcessimul-
taneously. This analysismay reveal patternswhich are not
apparentin eithersourcealone. We describeefficient imple-
mentationsof thegenericlearningalgorithmsfor theseinstan-
tiationsof thePAH framework.

Weprovideexperimentalresultsfor ouralgorithmonava-
riety of syntheticandrealbiologicaldatasets,involving both
sequencedata,expressiondata,andacombinationof both.We
show that our algorithmis substantiallymorerobust to sam-
pling variationthanhierarchicalagglomerative clustering.We
alsoshow thatthehierarchiesproducedby PAH aremorebio-
logically plausible,in thatgeneswith similar functionalcate-
gorizationaremuchmorelikely to beplacedclosetogether.

2. Probabilistic Abstraction Hierar chies
In this section,we review the probabilistic abstraction

hierarchy (PAH) framework of Segal et al. [11]. The PAH
framework resemblescertain“flat” clusteringalgorithmssuch
asAutoclass[1] or

�
-means,whereeachdatainstancebelongs

to one of
�

classes,eachof which is associatedwith a dif-
ferentclass-specificprobabilisticmodel(CPM). Eachdatain-
stanceis sampledindependentlyby first selectingoneof the

�
classesaccordingto a multinomialdistribution, andthenran-
domlyselectingthedatainstancefrom theCPMof thechosen
class. In standardclusteringmodels,thereis no relationbe-
tweenthe individual CPMs. In a probabilisticabstractionhi-
erarchy, theclassesareorganizedin anabstractionhierarchy,
or taxonomy, sothatthemodelsof thedifferentclassesrespect
thestructureof thehierarchy:classesthatare“nearby” in the
hierarchyhave similarprobabilisticmodels.

More precisely, let � be a statespace,from which our
datainstancesaredrawn. For example,instancesin � canbe
proteinsequences;or they canbe tuplesof expressionmea-
surementsfor genesin somesetof arrays.

DEFINITION 2.1. Aprobabilisticabstractionhierarchy(PAH)�
is an undirectedtree � with nodes ���	��
������������
����

and edges � , such that � has exactly
�

leaves 
 � ����������
�� .
Each node 
�� , ���! ����"���#�%$ , is associatedwith a CPM &'� ,
which definesa distribution over � ; ( is usedto denote&)�"�������#�*&'� . There is also a multinomialdistribution, pa-
rameterizedby + , over theleaves
 � �������#��
 � .
ThePAH framework is verygeneral,andplacesnorestrictions

on theform of theCPMs:any probabilisticmodelthatdefines
aprobabilitydistributionover , canbeused.

In the PAH model,datais generatedonly from CPMsat
the leaves of the tree. We samplea classvariable - from
the space ���������� � , via a multinomial distribution .0/1-324+65
parameterizedby + , andthensamplea datainstance, in �
from the CPM of the appropriateleaf .0/1,728&:9"5 . Thus,
the PAH model definesa joint distribution over the pair of
randomvariables -;�<, : The joint probability of an element='> � , anda value ? for - , given a PAH

�
, is definedas:.0/ = �%?@2 � 58�!.0/1-!�A?@24+�5%.0/ = 2B&:9�5 . The distribution

of = given
�

, from which thedataaregenerated,is .0/ = 2 � 5 ,
where? is summedout.

The internalnodesin the treeareusedto definea natu-
ral classhierarchyby enforcingsimilarity betweentheCPMs
at nearbyleaves. This goal is achieved by our choiceof

�
.

The PAH approachis basedon a Bayesianframework: we
definea prior distributionover hierarchies,thatprefershierar-
chiesthatenforceour intuition. Theprior is definedvia a dis-
tancefunction C6/1&:���*&ED�5 thatmeasuresthedistancebetween
CPMs & � �<& D thatareneighborsin the tree. The function C
is not requiredto bea distancein themathematicalsense;in-
stead,it only needsto besymmetric,non-negative,andsatisfy
that C6/1& � �<& D 5F�HG if f & � �H& D . As all CPMs definea
distribution over thesamespace� , a naturalchoicefor a dis-
tancemeasureis theKullback-Leibler (KL) distance[2], also
calledrelative entropy. TheKL-distancedefinesthedistance
betweentwo distributionsI and J over a samplespace� as:

IDKL /KI4L�J�5M� NPORQ�S IB/ = 5�TVU�W I4/ = 5JP/ = 5�X = �
wherethe integral is replacedby a summationin thediscrete
case.This distancemeasurehasthe advantagethat it canbe
appliedtoany two CPMsover � , regardlessof theirparameter-
ization. As KL-distanceis, in general,not symmetric,we can
alsouseasymmetricversion: C6/1& � �*& D 5M�Y/ IDKL /1& � L<& D 5<Z
IDKL /1&ED[L<&'�\5�5�]�^ . Givena distanceC , theprior over PAHs is
definedas .0/ � 5M_ `a �cb D�d Q�e;f�gPh /ji�klC6/1& � �<& D 5�5m�
wherek representstheextentto whichdifferencesin distances
arepenalized(larger k representsa largerpenalty).

We can now put togetherour prior over models
�

with
our likelihoodfunctionto definea posteriorover

�
’s. Givena

setof datainstancesn sampledfrom .0/1,)2 � 5 , we have that.0/ � 26no5�_p.0/ � 5%.0/cnq2 � 5 . We canevaluatethequality
of a PAH

�
using the log-posteriorTVU�Wr.0/ � 5sZtTVU�Wu.0/cnv2� 5 . The log-posteriorservesasa scorefor a model

�
, and

our goal is to find a PAH
�

that maximizesthis score. By
maximizing this expression,we are tradingoff the fit of the
mixturemodelover theleavesto thedata n , andthedesireto
generatea hierarchyin which nearbymodelsaresimilar.

3. PAH for Biological Models
In this section,we show how thegenericPAH framework

canbeappliedto biologicaldata.Wefocusongeneexpression
andsequencedataanddefinea PAH modelfor eachusingex-
isting biologicalmodelsasthemainbuilding blocks.We then
definea PAH modelover thejoint domainof geneexpression
andsequencedata,which allows us to combineboth typesof
datainto thePAH framework. In eachcase,wedefineboththe
form of theCPMs &'� andthedistancefunction C .



3.1 PAH for GeneExpression

In thecaseof geneexpressiondata,eachdatainstancecor-
respondsto a gene,andencodesasetof expressionlevel mea-
surementsof that genein a suiteof w differentexperiments,
eachencodedasthelog-ratioto somereferencemeasurement.
In this case,our samplespace� is a subsetof x y;z . A natural
choicefor adistributionover � is amultivariateGaussianwith
anindependentGaussiancomponentfor eachexperiment.We
assumethat thevariancesof theGaussiancomponentsareall
equalto a known value {4| . Thus,a PAH for geneexpression
associateswith eachnode
�� aCPM &'�4�~}�/��� � L�{4|�x5 , where�� � > x y z is themeanand x is theidentitymatrix.

For thedistancemeasureC , weuseKL-distance,whichfor
our GaussianCPMsis particularlysimple. For two distribu-
tions &'�B��}�/��� � L*{B|<x5 and &ED���}�/��� D L�{4|RxP5 , wehavethat
IDKL /1&'�%L<&ED�50� ������ z�j� � / � �� i � D � 5�| , which is simply the
squaredEuclideandistancebetweenthe meansof the Gaus-
sians,normalizedby the variance. We define C6/1&'�%�<&ED�50�
IDKL /1& � L<& D 5 .
3.2 PAH for Sequences

We now turn our attentionto sequencedata,whetherpro-
tein sequencesor DNA sequences.In this case,eachdatain-
stancein � is asequenceof variablelength,with eachposition
consistingof a residue— aletterin afinite alphabet(A,C,G,T
in thecaseof DNA sequences).To capturethecharacteristics
of a classof sequences,we follow the approachof Haussler
et al. [8] andrepresentthedistribution over a setof multiply-
alignedsequencesusinga profile hiddenMarkov model: For
eachconcensuscolumnof themultiple alignment,a “match”
statemodelsthedistributionof theresiduesallowedin thecol-
umn.An “insert” stateand“delete”stateateachcolumnallow
for insertionof oneor moreresiduesbetweenthatcolumnand
thenext, or for deletingthe concensusresidue.Positionspe-
cific transitionprobabilitiesbetweenstatesarealsospecified.
Figure1(a)shows a schematicdiagramof a profile HMM.

Thus, we useprofile HMMs as our CPMs in the PAH.
MorepreciselyaPAH for sequencesassociateswith eachnode
 � a profile HMM givenby: & � �p/c.�����/c� start 5R�R��.����"/c� � 2� �*� � 5*����j� � �R��. � �"/c� � 2l� � 5*����j� � 5 , where � � and � � arethe
stateand residuevariables,respectively, of the � -th column,
and . � � representsthedistributioninducedby theprofile &'� ,

We notethata PAH with profile HMM CPMsresembles
themixtureprofile HMM approachof Krogh et al. [8]. Their
approachconsistsof

�
differentprofile HMMs, eachintended

to capturea differentsubclassof proteins. However, thereis
no relationbetweenthe

�
profile HMMs, which canbe arbi-

trarily different.By contrast,thePAH framework imposesan
abstractionhierarchyover the differentprofile HMMs, forc-
ing similarity betweenonesthat arenearbyin the hierarchy.
For a proteinfamily, thereis an intuitive desiredrelationship
betweensubclassesin thehierarchy. As illustratedin thevisu-
alizationof Figure1(b), a CPM closeto theleavesof thetree
shouldbe morespecializedand thushave fairly peaked dis-
tributions,particularlyfor residuesin thedomainsassociated
with the subfamily. Conversely, CPMs closerto the root of
the tree,actingto bridgebetweentheir neighboringfamilies,
areexpectedto have lesspeakeddistributions,e.g.,peakonly
arounddomainswhicharecommonto anentiresubtree.

To completethe specificationof the PAH model for se-
quences,we needto define the distancefunction C . Once
again,a naturalchoiceis theKL-distance.However, thereare
considerablecomputationalburdensincurredin usingKL for
profile HMMs. Let � and � denotethe setof hiddenstate

and observed residuevariables,respectively, with one state
andone residuevariablefor eachcolumnof the � columns
in theprofile HMM. For two profile HMMs &'� and &ED with
thesamenumberof columns,it is well-known that:

IDKL ��� ��� � D��	� IDKL ��� � � ��� start ��� � ��  ��� start �\�1¡
�¢�j� � ¢ £4¤ � � � ��� � � IDKL ��� � � ��¥ ��¦ � � �%� � �§  ��¥ ��¦ � � �\�\¡

�¢�j� � ¢£4¤%¨ª© � ��� ��� �*� � � IDKL ��� ��� ��� � ¦ � �*� � �*� � �   ��� � ¦ � �*� � �\��«
where . � � and . ��  denotethedistributionsinducedby &'�

and &ED , respectively. Thus, eachcomputationof the KL-
distancerequiresthat we computethe marginal distributions. � ��/c� � 5 for all � columnsin theprofile. While this compu-
tation canbe carriedout efficiently usingdynamicprogram-
ming, its cost is still be quadraticin the numberof hidden
statesandlinear in thenumberof columnsin theprofile. As
we discussin Section4, computingthedistancebetweentwo
neighboringmodelsisabasicoperationcarriedoutmany times
in the processof learningthe hierarchyfrom data,so even a
quadraticcomputationis tooexpensive.

We thereforeproposea closelyrelateddistancemeasure,
which avoids the needfor this computation. This distance
function,which we call IndependentKullback Leibler (IKL),
is a generalizationof the Total RelativeEntropy measurede-
finedin [15].

IDIKL ��� �*� � D��	� IDKL �¬� � � ��� start ��� � ��  ��� start �\�\¡
�¢�%� � ¢£4¤%¨ª© IDKL �¬� � � ��� ��¦ � �<� � ��� � ��  ��� ��¦ � �*� � �1�1¡

�¢�j� � ¢ £ ¤ IDKL ��� ��� ��¥ � ¦ � � �%� � �   ��¥ � ¦ � � �\��
Note that the IKL measureis very easyto compute: it is

simply thesumof theKL distancesbetweeneachof themulti-
nomial distributionsparameterizingthe profiles &'� and &ED .
However, unlike KL-distance,IKL doesrequirethat the two
modelshave thesamesetof parameters,i.e., thatthetwo pro-
file HMMs have exactly thesamenumberof matchstates.We
defineC6/1&'�%�<&ED�5®�Y/ IDIKL /1&'��L<&ED�5#Z IDIKL /1&¯DL<&'�\5�5�]�^ .
3.3 Joint PAH Model

We have now presentedPAH modelsfor two important
typesof biolgical data: geneexpressionprofilesandgeneor
proteinsequences.However, eachof thesemodelscanlearn
a hierarchybasedonly on onetype of data. The information
providedby thesequenceof theproteinproductof a geneand
the information provided by its expressionpatternare often
complementary. By combiningthem,we maybeableto con-
structa modelthat revealspatternsandprovidesinsightsthat
separatemodelsover eachtypeof datacannot.

Formally, in thiscase,eachdatainstancein � is associated
with agene,andconsistsof boththemRNA expressionlevel of
thatgenein a setof experiments,andthesequenceof thepro-
teinproductof thegene.WethendefineeachCPM & � to bea
pair, consistingof a multivariateGaussianover theexpression
profilesanda profile HMM over theproteinsequences.

UsingthePAH framework, it is easyto definehierarchies
over heterogenousdata by independentlycombining CPMs
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Figure 1: (a) A profile HMM with 2 match columns(top): , nodescorrespondto (hidden) statesand � nodescorrespond
to (observed) residues.For each �;� , a distrib ution over the residuesin column � is specified. For each ,6� , a distrib ution
over statetransitions, given the statesof ,6� � � , is specified.The allowed statetransitions are alsoshown (bottom) (b) a PAH
with 3 leavesusing profile HMM CPMs along with the associatedresiduedistrib utions at column 2 of the profile. (c) Two
differ ent weight-preserving transformations for a tr eewith 4 leaves &~�"���������<&'° .
of different types, to define a product distribution over the
productspace. To computethe distancefunction between
two CCPMs,we onceagainusetheKL-distancefunction,or
its IKL variant. For two cross-productdistributions,the KL-
distanceis simply the sum of the KL-distancesbetweenthe
differentcomponents.Thus,a joint PAH modelfor sequence
andexpressionwill beaPAH with compoundCPMs &'� , each
definedover two CPMs:anindependentmulivariateGaussian
CPM &²±� anda profile HMM &´³� . The compounddistance
function C6/1&:���*&ED�5 is thesum C6/1&µ±� �<&²±D 5�Z�C6/1&¶³� �<&¶³D 5 .
4. Learning the Models

In thissection,we briefly review thealgorithmof [11] for
learningaPAH

�
fromaninputdataset n·�t� Xm¸  R¹c�������#� Xm¸ º ¹�� .This learningtaskis fairly complex, asmany aspectsareun-

known: We are uncertainabout the structureof the tree � ,
theparametersof all theCPMs &)�"�������#�*&'� at thenodesof� (leavesandinternalnodes),themultinomial parameters+ ,
andtheassignmentof theinstancesin n to leavesof � .

We startby describingthe caseof completedata,where
for eachdatainstanceXm¸ » ¹ > n , we aregiven the leaf from
which it wasgenerated.For this case,we show how to learn
thestructureof thetree � andthesettingof theparameters+
and ( . We notethat this assumptionof completedatais, in
fact,theassumptionmadein hierarchicalagglomerative clus-
tering techniques,asappliedboth to geneexpression[3] and
to sequencedata[15]. There,thehierarchyis built by initially
assigningeachdatainstanceto its own nodeandthenproceed-
ing by localoperationsthatmerge,ateachstep,thenodesthat
areclosestrelative to a predefineddistancefunction. Our ap-
proachfor completedatacanalsobe appliedto the situation
whereeachdatacasehasits own leaf node. It offers an in-
terestingalternative to hierarchicalagglomerative clustering,
dueto theadvantagesof globaloptimizationsteps.However,
theprobabilisticframework alsoallows us to dealwith cases
whereweareuncertainabouttheassignmentsof datainstances
to theleavesof � .

4.1 Learning CPMs fr om CompleteData

Assumethat the structureof the tree � and the assign-
mentof eachdatainstanceXm¸ $¼¹ > n to oneof the

�
leaves,

denoted- ¸ $¼¹ , areknown. We arethus left with the taskof
parameterestimation,that is, finding the setting of the pa-
rameterswhich maximize .0/ � 24no5 . More specifically, we
want to find + �r� z �*( �r� z that minimize ½��¾iETVU�Wr.0/cn¿2� 5§i¶TÀU�Wr.0/ � 5 . Substitutingthe definitionsinto ½ , we get
that

½Á� i3Â Ã§ÂÄ� � � TVU�Wr.0/1- ¸ $F¹B2�+65 (1)

i Ä � Ä��Å Æ�Ç �uÈ � � TVU�Wu.0/ Xm¸ $F¹B2�& � 5#Z Äa ��b D�d Q[e klC6/1& � �<& D 5R�
The first two termsarisefrom the negative log-likelihoodof
thedata(eachdatais evaluatedrelativeto themodelat theleaf
from which it wasgenerated).The third termarisesfrom our
choiceof prior.

The first term, involving the multinomial parameters+ ,
separatesfrom the rest,so that the optimizationof ½ relative
to + reducesto straightforward maximumlikelihoodestima-
tion. To optimizetheCPM parameters,thekey propertyturns
out to be the convexity of the ½ function, which holds in a
wide varietyof choicesof CPMsand C ; in particular, it holds
for all themodelsdescribedin Section3. Theconvexity prop-
erty allows usto find theglobalminimumof ½ usinga simple
iterativeprocedure.In eachiteration,weoptimizetheparame-
tersof oneof the &'� ’s,fixing theparametersof theremaining
CPMs & D (»¯É�²� ). In otherwords,we set& ��Ê � argmin� � ½®/cn¯����& D �RD�Ë� �\5R� (2)

wherethe valueof ½ is computedrelative to the currentval-
uesof theother &¯D ’s. This procedureis repeatedfor eachof
the &'� ’s in a roundrobin fashion,until convergence.By the
joint convexity of ½ , this iterative procedureis guaranteedto
convergeto theglobalminimumof ½ . An examinationof (1)
shows that the optimizationof eachCPM &'� involves only
thedatacasesassignedto & � (if � is a leaf)andtheparameters
of theCPMs &ED thatareneighborsof &'� in thetree,thereby
simplifying thecomputationsubstantially.

A particularlysatisfyingcaseoccursin our PAH for gene
expression. Here, the optimizinig parametersin (2) can be



computedeasilyin closedform:

� �� � k � D�Å a �cb D�d Q�e � D � Z~Ì �cÍm� � ��Å Æ�Ç �uÈ � � Xm¸ $¼¹ �k º /��\5#Z�Ì �cÍm� � D�Å Æ�Ç �uÈ � �  
whereÌ ��Í6� in anindicatorvariablewhich is  if f � is lessthan�

(andthus & � is a leaf model),and º /��\5 is the numberof
neighborsof node � in thetree.This formulais very intuitive,
aseachmeanis simplyaweightedaverageof themeansof its
neighbors,and,if it isaleaf,theactualvaluesof thedatapoints
assignedto it. The weight dependson the valueof k , which
determinesthe tradeoff betweenfitting the dataandmoving
closerto classesnearbyin thetree.

In othercases,suchasour PAH model for sequences,a
closedform solutionfor (2) doesnot necessarilyexist. How-
ever, theoptimizationproblemis still convex, andwethususe
theconjugategradientmethodto performtheoptimizationfor
each & � . Convexity guaranteesthat the conjugategradient
methodfinds the optimal settingof the parametersof &'� in
eachoptimizationstep.

Forcompleteness,weprovidethegradientfor thesequence
PAH. Let Î be somemultinomial distribution in the profile
HMM. Thedistribution Î represents.0/�Ï¾2�ÐÑ�´Òª5 for some
variableÏ in theprofileHMM andsomeassignmentÐY�´Ò to
its parent;for example,Ï mightbe � � and Ð its parent� �*� � ,
sothat Î representsthetransitiondistribution from somestate
in column ��iÓ to thedifferentstatesin column � . Let Î � be
thevalueof Î in &'� and ÎD its valuein &¯D . Wecannow sim-
plify thetwo termsin Equation1 thatrelateto Î . Theform of
theIKL-distanceimpliesthattheonly termin C6/1& � �<& D 5 that
relatesto Î is IDKL /�Îm�*L%ÎD�5 . Theother, for &'� at leaves,relates
to the log-likelihoodof thedatagiven & � . Standardanalysis
shows that the only part of the datathat is relevant to Î are
datacases$ where Ð ¸ $¼¹#��Ò . Let - � ¸ Ô ��Ò[¹ denotethenum-
berof datacasessuchthat - ¸ $F¹s�Ñ� , andwhere Ï ¸ $¼¹s� Ôand Ð ¸ $F¹6�´Ò .Using theseideasto simplify the function ½ , andtaking
thederivative,weobtainthatthederivativeof Îm�ÀÕ for any valueÔ of Ï is:Ö ½Ö Îm�×Õ � º /��\5�/�TVU�WrÎm�ÀÕ�Zµ "5�i ÄD�Å a ��b D�d Q�e TVU�WsÎDRÕi ÄD�Å a �cb D�d Q�e Î DRÕÎ �ÀÕ i:Ì"�cÍm��- � ¸ Ô ��Ò[¹  Î �ÀÕ
This formula representsthe unconstrainedgradient,ignoring
theconstraintthat � Õ Îm�ÀÕØ�Ù . To ensurethatthis constraint
is maintainedin the gradientprocess,we simply subtracting�Â Ú�Â � ÕpÛ�ÜÛ�Ý �×Þ from eachof the componentsof the gradient
vector.

4.2 Learning Structur e fr om CompleteData

We now turn our attentionto theproblemof learningthe
structureof thetree.Wefirst consideranemptytreecontaining
only the(unconnected)leafnodes
�"����������
 � , andfind theop-
timalparametersettingsfor eachleafCPMusingthealgorithm
of Section4.1. Note that theseCPMsareunrelated,andthe
parametersof eachonearecomputedindependentlyof other
CPMs.

Giventhisinitial setof CPMsfor theleafnodes
�"�������#��
 � ,
thealgorithmtries to learna goodtreestructure� relative to
theseCPMs. Due to the decomposabilityof TVU�Wr.0/ � 5 , the
quality of the treecanbe measuredvia the sumof the edge

weights � a �cb D�d Q�e C6/1& � �<& D 5 . The goal is to find the low-
est weight tree, subjectto the restrictionthat the tree struc-
turemustkeepthesamesetof leaves 
P�"�������#�*
 � . Segal et al.
proposean algorithm(inspiredby the work of [6]) that uses
a minimum spanningtree (MST) algorithm for constructing
low-costtrees.

At eachiteration,thealgorithmstartsout with a treeover
nodes
 � ���������*
 � . It takestheleaves 
 � ����������
 � of this tree,
andconstructsan MST over them. Of course,in the result-
ing tree,someof the &'� areno longerleaves. This problem
is correctedby a transformationthat“pushes”a leaf down the
tree,duplicatingits model; this transformationpreserves the
weight(score)of the tree. By usingonly 
 � �����"���*
 � , theal-
gorithmsimply ”throws away” theentirestructureof thepre-
vious tree. However, we canalsoconstructnew MSTs built
from all nodes
�"�"��������
�� of theprevioustree.For all nodes
�� for  'ßà�áß �

, which endup as internalnodes,we per-
form thesametransformationdescribedabove. In bothcases,
this transformationis notunique,asit dependson theorderin
which thestepsareexecuted;seeFigure1(c). Thealgorithm
thereforegeneratesanentirepoolof candidatetrees(from both
 � ����������
 � and 
 � ���������*
 � ), generatedusing different ran-
domresolutionsof ambiguitiesin theweight-preservingtrans-
formation. For eachsuchtree, the algorithm of Section4.1
canbeusedto find anoptimalsettingof theparameters.The
treesareevaluatedrelative to our score( TVU�Wr.0/ � 2mno5 ), and
thehighestscoringtreeis kept.

The tree just constructedhasa new setof CPMs,so we
canrepeatthis process. To detecttermination,thealgorithm
alsokeepsthetreefrom thepreviousiteration,andterminates
when the scoreof all treesin the newly constructedpool is
lower thanthescoreof thebesttreefrom previousiteration.

4.3 IncompleteData

Finally, we discussthecasewherewe do not have a fixed
assignmentof datacasesto leaves in the tree. In this case,
we have unobserved variablesthatspecifythechoiceof class- ¸ $¼¹ > �[ ��"�����#� � � for eachdatainstanceXm¸ $¼¹ . The algo-
rithm handlesthe issueof missingdatausing the structural
EM algorithm of Friedman[5] which extendsthe EM algo-
rithm to theproblemof modelselection.Thealgorithmrepeat-
edly alternatesbetweentwo steps.In theE-step,thedistribu-
tion over theunobserved variablesis computedby evaluating.0/1- ¸ $¼¹��²��2 Xm¸ $¼¹c� � 5 for all  âß´$3ßÙ2 nã2 . In theM-step,
the model

�
— its parametersas well as its structure— is

updatedsoasto increasethescore,relative to thedistribution
computedin the E-step. This processusesthe algorithmsof
Sections4.1 and4.2, but wherethe assignmentof datacases
to leaves is now soft ratherthan hard. The effect of this is
simply thatdifferentdatacasesarenow taken into considera-
tion with varying weightsin theparameterestimationstepin
Section4.1andin thescoringof differenttreesin Section4.2.

5. Experimental Results
In this section,we presenttheresultsof runningthePAH

algorithm on a variety of biological datasets. In all of our
experiments,we initialized PAH suchthateachdatainstance
hasits own node. This assignmentof datacasesto leavesis
only aninitialization,andcouldbemodifiedby thealgorithm
asdescribedin Section4.3.

Many of our resultsarecomparedto hierarchicalagglom-
erative clustering(HAC), which is mostcommonlyusedfor
biologicaldata.To performadirectcomparisonbetweenPAH



andHAC, we oftenneedto obtaina probabilisticmodelfrom
HAC. To do so,we createCPMsfrom thegenesthatHAC as-
signedto eachinternalnode.In bothPAH andHAC, we then
assigneachgene(in the trainingsetor the testset)to thehi-
erarchyby choosingthebest(highestlikelihood)CPMamong
all thenodesin thetree(includinginternalnodes).

SyntheticData. A goodalgorithmfor learningabstractionhi-
erarchiesshouldrecover thetruehierarchyaswell aspossible.
We testedthis by runningour algorithmon syntheticdata,al-
lowing usto compareits performanceto a“groundtruth”. We
generatedasyntheticdatasetby samplingfrom theleavesof a
PAH; thegeneratingPAH waslearnedfrom arealgeneexpres-
siondataset.To allow a comparisonwith HAC, we generated
onedatainstancefrom eachleaf. We generatedfive training
sets,eachwith 80(imaginary)genesand100experiments,and
PAH andHAC for eachdataset.For PAH, we usedthemodel
describedin Section3.1. For HAC, we usedthesamesumof
squarederrorsasthedistancefunction.ForHAC,wealsotried
thePearsoncorrelationcoefficient [3] asadistancemetric,but
its performancewasconsistentlyworse.

We testedthe recovery of the hierarchyby defining the
distancebetweentwo genesasthe lengthof the tree-pathbe-
tweenthe nodesto which they wereassigned,andcompared
thedistancesbetweenthegeneratingandlearnedmodel. The
correlationcoefficient was G� ä�^�å~G� G�æ for PAH, comparedto
amuchworseGP� ^�ä#åEGP� G�ç for HAC.Theaverage��� errorwasè � ä�æ�å² �� ^�ç for PAH and  "^� è�é å² �� G�ç for HAC. Thus,PAH
recoversanabstractionhierarchymuchbetterthanHAC.

The Globin Protein Family. Wenext testedtheability of our
model to capturethe characteristicsof globins, a large fam-
ily of heme-containingproteinsof variousarchitectures.We
selectedtheentiresetof 829globinsfrom theSWISS-PROT
databaseby selectingall proteinswith thekeyword “globin”.
To testour algorithm’s ability to “recognize”globins,we ran-
domly selecteda subsetof 500 globins from the full set of
829,andusedClustalW[16] to multiply align themsothatthe
traceof states(match,insertanddelete)of eachdatainstance
throughtheprofile HMM is given. We usedthis aligneddata
setto train a sequencePAH. We tried differentsettingsfor k
(thecoefficient of thepenaltytermin .0/ � 5 ), therebyexplor-
ing therangeof only fitting thedata( ko�µG ) andgreatlyfavor-
ing hierarchiesin which nearbymodelsaresimilar (large k ).
We thenmeasuredtheperformanceof eachPAH on thetrain-
ing andtestset,by recordingthelog-probabilityof eachgene
relative to the CPM at the nodeto which it wasassignmed.
The probability was computedusing the forward algorithm,
without assumingmultiple alignment. We thendeductedthe
log-probabilityof the randomsequencefrom eachsuchlog-
probability, obtainingthe log-oddsratio. Figure2(a) shows,
for each k , the averagelog oddsratio that PAH assignsto
globinsin the training setandin the testset. The graphis a
typical learningcurve,showing thatthetrainingsetprediction
is highestwhen kt�êG , but that testsetaccuracy is highest
at k'�ÑGP� é , wherewe have sometradeoff betweenfitting the
dataandfavoringhierarchiesin whichnearbymodelsaresim-
ilar. To test the discriminative power of PAH, we alsocom-
paredthelog-oddsratio thatPAH assignedto held-outglobin
sequencesandto  �GP�<G�G�G non-globinsequencesselectedran-
domly from SWISS-PROT. Not surprisingly, PAH achieved
perfectdiscriminationbetweenglobinsandnon-globins.(We
notethatKroghetal. [8] achievedsimilar resultsusingprofile
HMMs.)

Finally, we checked whetherthehierarchybuilt wasalso
ableto discover thedifferentsubfamiliesof theglobin family.

Trainingset Testset
Model p avg. L1 difference avg. L1 difference
PAH 90% ^[� ë�ä�å¶ �� ë�ä ^� é  �å¶ �� é æ
HAC ä[� è�ì å è � ä�æ  � �� ì�è åÓä[� ^
PAH 80% ^[� ç�ë�å¶ �� æ ^� ä é å¶ �� é  
HAC ç� è�è å~ë[� é æ ^�GP� æ�ä�å¶ "G� é æ
PAH 70%

ì �À � �å¶ �� æ è ì �V "ä�å¶ �� æ�ë
HAC ç� ä�ç�åÓë[� è ^ �� ä�^�å´ ì � æ

Table 1: Robustnessof PAH and HAC to differ ent subsets
of training instances.

A nodein thehierarchyhasa highcorrespondenceto a globin
subfamily if all or mostof theglobinsassignedto its subtree
areof thesameglobinsubfamily. Wefoundseveralsuchnodes
thatcorrespondedto differentsubfamiliesof globinsincluding
myoglobin,two differenthemoglobinsubfamilies(alphachain
andbetachain)andleghemoglobin.

Robustness.Our goalin constructinga hierarchyis to extract
meaningfulbiological conclusionsfrom the data. The avail-
abledatainvariably reflectsonly a subsetof the experiments
thatwe couldhave performed.If our analysisproducesvery
differentresultsfor slightly differenttrainingdata,thebiolog-
ical conclusionsareunlikely to bemeaningful.Thus,wewant
datainstancesthatareassignedto nearbynodesin thetreeto
be assignedto nearbynodeseven if the hierarchywas built
from aslightly differenttrainingset.

To testtherobustnessof ouralgorithm,we usedtheYeast
Compendiumdataof [7], which measurestheexpressionpro-
files triggeredby specificgenemutations. We selected450
genesandall 298arrays,focusingon genesthatchangedsig-
nificantly. For eachof threevaluesof I rangingfrom ä�G�í
to ç�G�í , we generatedten differenttraining setsby sampling
(without replacement)I percentof the 450genes,the restof
which form a testset.

We thenplacedbothtrainingandtestgeneswithin thehi-
erarchy. For eachdataset,every pair of geneseitherappear
togetherin the training set, the testset,or do not appearto-
gether(i.e., one appearsin the training set and the other in
the testset). We compared,for eachpair of genes,their dis-
tancesin trainingsetsin which they appeartogetherandtheir
distancesin testsetsin which they appeartogether. The re-
sultsaresummarizedin Table1. Our resultson the training
datashow thatPAH consistentlyconstructsverysimilarhierar-
chies,evenfromverydifferentsubsetsof thedata.By contrast,
thehierarchiesconstructedby HAC aremuchlessconsistent.
The resultson the test dataare even more striking. PAH is
very consistentaboutits classificationinto the hierachyeven
of test instances— onesnot usedto constructthe hierarchy.
In fact, thereis no significantdifferencebetweenits perfor-
manceonthetrainingdataandthetestdata.By contrast,HAC
placestestinstancesin very differentconfigurationsin differ-
enttrees,reducingour confidencein thebiologicalvalidity of
thelearnedstructure.

Discovering GeneFunctions. Oneof the main goalswhen
buildinggenehierarchiesbasedonsequenceorexpressiondata
is to derivehypothesesaboutgenefunctions.If, in thelearned
hierarchy, geneswith similarfunctionclustertogether, thenwe
can hypothesizethat geneswhosefunction is unknown that
clusterto the sameareain the hierarchyalsosharea similar
functionalrole.

To testwhetherPAH produceshierarchieswith functional
properties,we usedthe YeastCompendiumdataof [7]. We
selected457 genesand the full set of 298 arrays,focusing
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Figure 2: (a) The average log-odds ratio for globin sequencesin the training and test set. (b) Prediction of HIV drug-
resistancefr om sequences.

on genesthat had somefunctional annotationsin the MIPS
database[10]. We learnedhierarchiesin threedifferentset-
tings: from expressiondataalone;from theproteinsequences
of thegenesalone;andfrom a combineddatasetof sequence
andexpression.In eachsetting,we learnedbotha PAH anda
HAC model. WhenlearningHAC modelsfor sequences,we
usedthe agglomerative clusteringapproachsimilar to that of
Sjolanderet al. [15]: We constructa profile HMM for each
datainstance,thenagglomeratetheonesthatareclosestusing
our IKL distance(which generalizesthemeasureusedin [15]
for PSSMs). Newly createdclassesarealsoassociatedwith
profileHMMs, andparticipatein theagglomerative clustering
in thestandardway. For thejoint expression/sequencemodels,
weusedthesamedistancemeasureasin our joint PAH model
for theclustering.

For eachof thelearnedhierarchies,we testedtheextentto
which thelearnedhierarchyhadcorrespondenceto genefunc-
tions.We choseto focusonly onannotatedgenes,astheexis-
tenceof afunctionalannotationin thedatabaseis substantially
more indicative than a lack of one. We measured,for each
functionalcategory in MIPS, thedistancesbetweengenesan-
notatedwith that function, andcomparingthesedistancesto
thosethat would be measuredif we wereto randomlyselect
a set having the samenumberof genesfrom the hierarchy.
Notethateachcomparisonis donewithin thesamehierarchy.
Table2 lists thesignificantfunctionsthatwerefound in each
hierarchyalongwith ap-valueobtainedfrom astudent’s t-test,
wherethenull hypothesisis thattheobserveddistancesoccurs
by chance.

As can be seen,there are several functional categories
which the PAH modelsput togetherin the hierarchywith a
very high significancelevel, while theHAC modelsgroupto-
gethervery few functionsandwith a muchlower significance
level. In particular, PAH automaticallydiscoversseveral im-
portantpathways. We alsoseethat the sequencemodelsand
expressionmodelsdiscoveranalmostdisjointsetof functional
categories.More surprisingly, the joint modeldoesnot redis-
covertheunionof thesecategories.Theinformationcontained
in thetwo differentdatasetsseemsto besufficiently different
thatonecannotconstructa coherenthierarchycapturingboth.
However, the joint dataallows it to discover categoriesthat
wererevealedby neitherdatasetalone.

Predicting Resistanceto HIV Drugs. Currentdrugsfor the
treatmentof HIV infectionincludeseveralagents,all aimedat
inhibiting viral replication.WhenanHIV infectedpatientfails

to respondto treatment,viral drug resistancedevelopmentis
often themainreason.Drug resistancearisesfrom mutations
in theviral genome,specificallyin theregionsthatencodethe
moleculartargetsof therapy, HIV proteaseandRT enzymes.
HIV RT andproteasemutationsaltertheviral enzymesin such
a way thattheenzyme’s functionis no longerinhibitedby the
drug. An understandingof the geneticchangesthat rendera
particulardrug ineffective is importantto thedevelopmentof
new drugs,andto thedesignof effective drug combinations.
Certainmutationsconferresistanceon theirown, while others
producemeasurableresistanceonly whenpresentin combina-
tion with others. We thereforedecidedto test the ability of
hierarchicalclusteringalgorithmsto build hierarchiestargeted
atunderstandingdrugresistancemutationpatterns.

Weusedthedatabaseof Shaferetal. [13], whichcontains
many of thepublishedHIV RT andproteasesequences,aswell
asdrugsusceptibilitytestsonmany of thesequences.Thedrug
susceptibilityfor aparticulardrugmeasuresthefold resistance
— thequantityof thedrug,relativetosusceptiblewildtypeiso-
lates,requiredto achieve a certainlevel of inhibitory concen-
tration(IC) of thevirus. Wefocusedontheproteasesequences
sincethey almostall have thesamelengthof 99 aminoacids.
For eachtype of drug, we learneda PAH basedboth on the
sequenceandits associated(log) fold resistanceat IC50. We
usedthe joint modelof Section3.3, replacingthe expression
level with thefold resistance.WealsolearnedaHAC basedon
thesequencedataassignedthegenesto nodes,andcomputed
theaveragelog-resistancelevel for eachnode.

To test the extent to which the hierarchylearnedcorre-
spondedwith drug resistancerelatedmutations,we tried to
predictthefold resistanceof aheldoutsequence,by assigning
the sequenceto the bestnodein the hierarchy(asdescribed
above), andusingthemeanlog-resistanceat thatnodeasour
prediction. The results,basedon five-fold cross-validation,
areshown in Figure2(b). TheresultsindicatethatthePAH hi-
erarchyprovidesbettercorrespondenceto thedrugresistance
results.By recordingtheprobabilitythatthebestCPMassigns
to eachsequence,we alsoobtaina confidencelevel. Reassur-
ingly, most of the high quality predictionswere obtainedat
thehigherconfidencelevels.Furthermore,if we restrictatten-
tion to high-confidencepredictions,the differencein quality
betweenPAH andHAC is substantiallylarger.



MIPS functionalcategory PAH (e) HAC (e) PAH (s) HAC (s) PAH (e+s) HAC (e+s)
Cell growth, division,DNA synthesis(100)

ì � ç�î�iïç
Mating typedetermination(41)  �� æ�î�iïæ ä� é î�iïä
Nuclearorganization(49)  �� è î�i è
Transcription(61) æP� æ�î�i è
Proteindestination(47)  �� ë�î�i ì
Cellularorganization(237) ^� ì î�i ì ^� ì î�i'^ ì � ^�î�i ì
mRNA transcription(48) ^� ç�î�i ì
Metabolism(196) ^� ë�î�i'^
Drug transporters(10) æP� æ�î�i) � 
C-compound& carbohydratetransporters(15)  �� é î�i'ë ^� ì î§i è  �� è î�iïä
Transportfacilitation(57) ^� æ�î�i è ì �V "î�i ì
Organizationplasmamembrane(41)

é � ì î�i è
Cellularimport (57) ^� ë�î�i ì
Amino acidmetabolism(50) ^� ë�î�i�^
Proteinmodification(24)

ì � é î�i�^
Cell cyclecontrolandmitosis(34)

è � ç�î�i�^
Proteinsynthesis(14)

è �V "î�i�^
Organizationof endoplasmaticreticulum(13) ^� æ�î�i�^
Stressresponse(70) ^� æ�î�iï^
Extracellular/ secretionproteins(15)

è �V "î�i è
Table 2: Significant genefunctions found in hierarchies; (e) standsfor expressiondata and (s) for sequences;number in
parenthesesrepresentsnumber of geneslabeledwith that function.

6. Discussion
In this paper, we proposetheuseof probabilisticabstrac-

tion hierarchies[11] for constructinghierarchiesover biolog-
ical data. A uniquefeatureof PAH is the useof global opti-
mizationstepsfor constructingthe hierarchyandfor finding
theoptimalsettingof theentiresetof parameters.This feature
helpsin avoiding local maximaandin reducingsensitivity to
noise. We showed how the generalPAH framework can be
appliedeffectively to two importanttypesof biological data:
expressionprofilesandsequences.We presentedresultson a
widevarietyof datasets,showing thatthePAH approachgen-
eratesrobustandbiologically meaningfulhierarchies.

We can extend our approachin several directions. For
example, the generalityof the CPM modelscould allow us
to constructhierarchieswheredifferentCPMshave different
structures,e.g.,whereCPMshavedifferentprofileHMM lengths.
Wearealsoexploring theuseof thisapproachaspartof a rich
probabilisticframework suchasthatof [12], replacinga “flat”
setof clusterswith a morebiologically plausiblehierachy.
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