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ABSTRACT

Biological data,suchasgeneexpressiomprofilesor proteinse-
guencesjs often organizedin a hierarchyof classeswhere
theinstancesassignedo “nearby” classesn thetreearesim-
ilar. Most approachefor constructinga hierarchyusesimple
local operationsthat are very sensitve to noiseor variation
in the data. In this paper we describeprobabilistic abstiac-
tion hierarchies(PAH) [11], agenerabrobabilisticframenork
for clusteringdatainto a hierarchy and shav how it canbe
appliedto a wide variety of biological datasets. In a PAH,

eachclassis associatedavith a probabilisticgeneratre model
for the datain the class. The PAH clusteringalgorithm si-
multaneouslyoptimizesthreethings: the assignmenbf data
instancedo clusters,the modelsassociatedvith the clusters,
andthe structureof the abstractiorhierarchy A uniquefea-
tureof the PAH approachs thatit utilizesglobaloptimization
algorithmsfor the last two steps,substantiallyreducingthe
sensitvity to noiseandthe propensityto local maxima. We
shav how to apply this framework to geneexpressiondata,
proteinsequencelata,and HIV proteasesequencealata. We
alsoshav how our frameavork supportshierarchiesnvolving

morethanonetype of data. We demonstratehat our method
extractsusefulbiologicalknowvledgeandis substantiallymore
robustthanhierarchicalagglomeratie clustering.

1. Intr oduction

Recentdevelopmentsn genomicshave allowedthe accu-
mulationof largeamountsof biologicaldata:geneandprotein
sequencegeneexpressiordata,andmore.Importantbiolog-
ical knowledgeis implicit in this data, but extractingit is a
difficult task. Onevery usefulapproacHor providing insight
into the datais to organizethemin a “similarity” hierarchy;
datainstanceghatare“nearby” areoften functionally related
to eachother sothatthe hierarchyprovidesinsightaboutcel-
lular mechanisms.One exampleis the analysisof genomic
expressiordata,wherethe level of mRNA transcriptof every
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genein the cell canbe measuredgimultaneouslyusing DNA

microarrays. The most commonly usedmethodfor analyz-
ing this datais clustering,a processwhich identifiesclusters
of genesthat have similar expressionprofiles (e.g.,[3, 14]).

Genesthat are similarly expressedare often involved in the
samecellularprocessessothat clusteringsuggestgunctional
relationshipsetweerclusteredyenes.Anotherimportantex-

ampleis the classificatiorof proteinsinto ataxonomyof sub-
familiesbasedon their sequencer structure(e.g.,[15]). Pro-
teinswhosesequencer structurearesimilaroftenplay similar

rolesin the cell, so that proteinswhosefunction is unknavn

may be assignedutative functionsby measuringheir simi-

larity to thedifferentsubclassem the hierarchy

Discovering the hierarchyis a key part of the analysis.
The algorithmsmost often appliedto biological datausean
agglomeratie bottom-upapproach3, 15]. Althoughtheseal-
gorithmshave beenshavn to provide muchinsightinto thebi-
ological processeshey suffer from several limitations. First,
they proceedvia a seriesof localimprovementsmakingthem
particularly proneto local maxima. Second the clustersare
often constructedbaseddirectly on the raw data; models(if
ary), areconstructedisa post-processingtep. Thus,domain
knowledgeaboutthe type of distribution from which datain-
stancesresampleds rarelyusedin theformationof the hier-
archy Thesdimitationsimply thatthehierarchiesonstructed
areoftenquite brittle: their structurecanvary substantiallyas
aresultof smallperturbationsn the data.Clearly, a high sen-
sitivity of thelearnedhierarchyto thedataraisesdoubtsabout
the validity of biological conclusionsdravn from the hierar
chy. Thefactthattree-constructiomlgorithmscanbesensitve
to datawasmadeby Felsensteid] in the contet of phyloge-
netictrees Jeadingto the useof bootstrapechniquesn order
to increasehebiologicalvalidity of theresults.

Although onecould apply bootstraptechniquedo hierar
chical clusteringtechniquesaswell, in this paperwe propose
an alternatve techniquefor clusteringbiological data,which
alsohasserveral otheradwantages.Our approachs basedon
probabilisticabstiaction hierarchies(PAH) [11], a probabilis-
tically principled generalframenork for learningabstraction
hierarchiesfrom data. It usesa Bayesianapproach where
the differentmodelscorrespondo differentabstractiorhier-
archies.Eachleafin thetreecorrespondso a class,andis as-
sociatedwith a class-specifiprobabilisticmodel(CPM) from
which the datais generated.The prior over models(hierar
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arenearto eachotherin the tree have similar datadistribu-
tions. Segaletal. [11] presentageneraklgorithmfor learning
the PAH modelparametersindthe tree structurein the PAH
framework. Unlike mary otherclusteringapproachegheiral-



gorithmuses‘global” optimizationstepsfor learningthe best
possiblehierarchyand CPM parameters.

Thereareseveralimportantadvantageso the PAH frame-
work, thatmale it particularlysuitablefor biologicaldatasets.
The global optimizationstepshelp avoid local maxima. Fur-
thermore the abstractiorhierarchytendsto pull the parame-
tersof one CPM closerto thoseof nearbyones,which natu-
rally leadsto aform of parametesmoothingor shrinkage [9].
Both of theseincreasethe robustnesof the model, making
it lesssensitve both to noisein the dataandto the partic-
ular choiceof datasetusedto constructthe hierarchy The
robustnessandreproducibility of the hierarchymale conclu-
sionsderivedfrom the hierarchymorevalid from a biological
perspectie. Finally, the model-base@pproachallows the ex-
ploitationof domainstructuralknonledgemoreeasily

In this paper we extend the generalPAH framewvork to
handlebiological data. We focus on the two typesof data
whereclusteringhasbeenusedmostoften: geneexpression
andsequencealata. For eachdatatype, we describeboth an
appropriateclassof CPMsandanappropriateprior over mod-
els. We alsoshav how to combinemodelsfor differentdata
types,allowing usto learnfrom heterogeneousourcesimul-
taneously This analysismay reveal patternswhich are not
apparenin eithersourcealone. We describeefficient imple-
mentationof thegeneridearningalgorithmsfor theseinstan-
tiationsof the PAH framework.

We provide experimentatesultsfor ouralgorithmonava-
riety of syntheticandreal biological datasets,involving both
sequenceata.expressiordata,andacombinatiorof both. We
shav thatour algorithmis substantiallymorerobustto sam-
pling variationthanhierarchicalgglomeratie clustering.We
alsoshaw thatthe hierarchiegproducedby PAH aremorebio-
logically plausible,in thatgeneswith similar functionalcate-
gorizationaremuchmorelik ely to be placedclosetogether

2. Probabilistic Abstraction Hierar chies

In this section,we review the probabilistic abstraction
hierarchy (PAH) framewvork of Segal et al. [11]. The PAH
framawork resemblegertain“flat” clusteringalgorithmssuch
asAutoclasq1] or k-meanswhereeachdatainstancebelongs
to oneof k classesgachof which is associatedvith a dif-
ferentclass-specifiprobabilisticmodel(CPM). Eachdatain-
stancds sampledndependentlyy first selectingoneof the k
classesaccordingto a multinomial distribution, andthenran-
domly selectinghedatainstancefrom the CPM of thechosen
class. In standardclusteringmodels,thereis no relation be-
tweentheindividual CPMs. In a probabilisticabstractiorhi-
erarchy the classesareorganizedin an abstractiorhierarchy
ortaxonomy sothatthemodelsof thedifferentclassesespect
the structureof the hierarchy:classeghatare“nearby”in the
hierarchyhave similar probabilisticmodels.

More precisely let S be a statespace,from which our
datainstancesredravn. For example,instancesn S canbe
protein sequencespr they canbe tuplesof expressionmea-
surement$or genesn somesetof arrays.

DEFINITION 2.1. Aprobabilisticabstractiorhierarchy(PAH)
A is an undirectedtree T with nodesV = {v1,... ,um}
and edeges E, sud that T has exactly k leavesvy, ... , vk.
Each nodew;, 1 = 1,... ,m, is associatedvith a CPM M;,
which definesa distribution over §; M is usedto denote
My,... ,M,,. Theeis alsoa multinomial distribution, pa-
rameterizedy 0, overtheleavesvs, ... ,vg.

ThePAH framevork is very generalandplacesnorestrictions

ontheform of the CPMs:ary probabilisticmodelthatdefines
aprobability distribution over S canbeused.

In the PAH model,datais generatednly from CPMsat
the leaves of the tree. We samplea classvariable C' from
the spacel,. .. , k, via a multinomial distribution P(C | )
parameterizedy @, andthensamplea datainstanceS in S
from the CPM of the appropriateleaf P(S | M.). Thus,
the PAH model definesa joint distribution over the pair of
randomvariablesC, S: The joint probability of an element
s € 8, andavaluec for C, givena PAH A, is definedas:
P(s,c| A) = P(C = ¢ | 8)P(s | M.). Thedistribution
of s given A, from which thedataaregeneratedis P(s | A),
wherec is summedbut.

The internalnodesin the tree are usedto definea natu-
ral classhierarchyby enforcingsimilarity betweernthe CPMs
at nearbyleaves. This goalis achieved by our choiceof A.
The PAH approachis basedon a Bayesianframeavork: we
definea prior distribution over hierarchiesthatprefershierar
chiesthatenforceour intuition. The prior is definedvia a dis-
tancefunction p(M;, M;) thatmeasureshe distancebetween
CPMs M;, M; thatareneighborsn the tree. The function p
is not requiredto be a distancan the mathematicasensejn-
steadjt only needg€o be symmetricnon-ngative, andsatisfy
that p(M;, M;) = 0iff M; = M;. As all CPMsdefinea
distribution over the samespaceS, a naturalchoicefor a dis-
tancemeasuras the Kullbadk-Leibler (KL) distance[2], also
calledrelative entropy. The KL-distancedefinesthe distance
betweerntwo distributionsp andq over a samplespaceS as:

D«.(p; q) = /

sES

p(s)log Z%ds,

wherethe integral is replacedby a summationin the discrete
case. This distancemeasurehasthe adwantagethatit canbe
appliedto ary two CPMsover S, regardles®f theirparameter
ization. As KL-distanceis, in general not symmetric,we can
alsouseasymmetricversion:p(M;, M;) = (Dk (Mjy; M;)+
D« (M;; M;))/2. Givenadistancep, the prior over PAHs is
definedas

P(A) o [] exp(—Ap(M;, Mj)),

(1.5)EE

where representtheextentto which differencesn distances
arepenalizedlarger A representsi largerpenalty).

We cannow put togetherour prior over models.A with
ourlikelihoodfunctionto definea posteriorover A’'s. Givena
setof datainstancesD sampledrom P(S | A), we have that
P(A| D) x P(A)P(D | A). We canevaluatethe quality
of a PAH A usingthe log-posteriorlog P(.A) + log P(D |
A). Thelog-posteriorsenesasa scorefor a model A, and
our goalis to find a PAH A that maximizesthis score. By
maximizing this expression,we are trading off the fit of the
mixturemodelover the leavesto thedataD, andthedesireto
generata hierarchyin which nearbymodelsaresimilar.

3. PAH for Biological Models

In this section,we shav how the genericPAH framewvork
canbeappliedto biologicaldata.We focusongeneexpression
andsequencelataanddefinea PAH modelfor eachusingex-
isting biological modelsasthe mainbuilding blocks. We then
definea PAH modelover the joint domainof geneexpression
andsequencelata,which allows usto combineboth typesof
datainto thePAH framework. In eachcasewe defineboththe
form of the CPMs M; andthedistancgunction p.



3.1 PAH for GeneExpression

In thecaseof geneexpressiordata,eachdatainstancecor
respond$o a gene andencodes setof expressiorevel mea-
surement®f thatgenein a suite of n differentexperiments,

eachencodedasthelog-ratioto somereferencaneasurement.

In this case,our samplespacesS is a subsebf IR™. A natural
choicefor adistributionover S is amultivariateGaussiarwith
anindependenGaussiartomponentfor eachexperiment.We
assumehatthe variancef the Gaussiarcomponentsareall
equalto a known valueo?. Thus,a PAH for geneexpression
associatewith eachnodev; aCPM M; = N (ji*; 0 I), where
i’ € R™ is themeanandI is theidentity matrix.

For thedistancemeasure, we useKL-distance whichfor
our GaussiarCPMsis particularly simple. For two distribu-
tions M; = N (j*; o1) andM; = N'(ji’; o>I), we have that
D (Mi; M;) = 25 377 (up — pj)?, which is simply the
squaredEuclideandistancebetweenthe meansof the Gaus-
sians,normalizedby the variance. We definep(M;, M;) =
DKL(Mi; Mj).

3.2 PAH for Sequences

We now turn our attentionto sequencelata,whetherpro-
tein sequencesr DNA sequencesln this case eachdatain-
stancen S is asequencef variablelength,with eachposition
consistingof aresidue— aletterin afinite alphabet{A,C,G, T
in the caseof DNA sequences)To capturethe characteristics
of a classof sequencesye follow the approachof Haussler
etal. [8] andrepresenthe distribution over a setof multiply-
alignedsequencesisinga profile hiddenMarkov modei For
eachconcensugolumnof the multiple alignment,a “match”
statemodelsthedistribution of theresiduesllowedin thecol-
umn. An “insert” stateand“delete” stateateachcolumnallow
for insertionof oneor moreresiduedetweerthatcolumnand
the next, or for deletingthe concensusesidue.Positionspe-
cific transitionprobabilitiesbetweenstatesare alsospecified.
Figurel(a)shavs a schematiaiagramof a profile HMM.

Thus, we use profile HMMs as our CPMs in the PAH.
More preciselya PAH for sequenceassociatewith eachnode
v; aprofile HMM givenby: M; = (P, (Hstart), { Pas; (Hy |
Hy—1)Yje1,{Pu, (O¢ | Hy)}i=1), whereH,; andO, arethe
stateand residuevariables,respectiely, of the ¢-th column,
and Pz, representthedistributioninducedby theprofile M;,

We notethata PAH with profile HMM CPMsresembles
the mixture profile HMM approactof Krogh etal. [8]. Their
approactconsistof k differentprofile HMMs, eachintended
to capturea differentsubclasof proteins. However, thereis
no relationbetweenthe & profile HMMs, which canbe arbi-
trarily different. By contrastthe PAH framewvork imposesan
abstractionhierarchyover the different profile HMMs, forc-
ing similarity betweenonesthat are nearbyin the hierarchy
For a proteinfamily, thereis anintuitive desiredrelationship
betweersubclassem thehierarchy As illustratedin thevisu-
alizationof Figure1(b),a CPM closeto the learesof thetree
shouldbe more specializedand thus have fairly pealed dis-
tributions, particularly for residuedn the domainsassociated
with the subfamily. Corversely CPMs closerto the root of
the tree, actingto bridge betweentheir neighboringfamilies,
areexpectedto have lesspealed distributions,e.g.,peakonly
arounddomainswhich arecommonto anentiresubtree.

To completethe specificationof the PAH modelfor se-
guenceswe needto define the distancefunction p. Once
again,a naturalchoiceis the KL-distance.However, thereare

considerableomputationaburdensincurredin usingKL for
profile HMMs. Let H and O denotethe setof hiddenstate

and obsered residuevariables,respectrely, with one state
and one residuevariablefor eachcolumn of the L columns
in the profile HMM. For two profile HMMs M; and M; with
thesamenumberof columns,it is well-known that:

D (Mi;M;) = Dx(Pu; (Hstart); Par; (Hstart))+
L
> Par, (He) Dk (Pag, (Op | Hy); Pag; (O | He))+
(=1 H,

L
> > Py (Hy—1) Do (Par, (Hy | Hy—1); Pagy (He | He—1)),
=1H,

wherePyy, andPMJ. denotethedistributionsinducedby M;
and M;, respectiely. Thus, eachcomputationof the KL-
distancerequiresthat we computethe mamginal distributions
Py, (Hy) for all L columnsin the profile. While this compu-
tation can be carriedout efficiently usingdynamicprogram-
ming, its costis still be quadraticin the numberof hidden
statesandlinearin the numberof columnsin the profile. As
we discussin Section4, computingthe distancebetweentwo
neighboringnodelss abasicoperatiorcarriedoutmary times
in the processof learningthe hierarchyfrom data,so even a
guadraticcomputations too expensve.

We thereforeproposea closelyrelateddistancemeasure,
which avoids the needfor this computation. This distance
function, which we call IndependenKullbadk Leibler (IKL),
is agenerallzatlomf the Total RelativeEntropy measurele-
finedin [15]

DlKL(Mi§ Mj) = DKL(PMi- (Hslarl)§ PMJ- (Hstart))+

L
D D Dw(Par;(He | He—1); Pagy (He | He-1))+
(=1H, ,
L
D> Dx(Pa; (O | Hy); Py (O | Hy)).
(=1 Hy

Note that the IKL measurds very easyto compute: it is
simplythesumof theKL distancedbetweereachof the multi-
nomial distributions parameterizinghe profiles M; and M;.
However, unlike KL-distance,IKL doesrequirethatthe two
modelshave the samesetof parameters,e., thatthetwo pro-
file HMMs have exactly the samenumberof matchstatesWe
definep(M;, M;) = (D (Mi; M) + Dk (Mj; M;)) /2.

3.3 Joint PAH Model

We have now presentedPAH modelsfor two important
typesof biolgical data: geneexpressionprofilesandgeneor
proteinsequencesHowever, eachof thesemodelscanlearn
a hierarchybasedonly on onetype of data. The information
provided by the sequencef the proteinproductof ageneand
the information provided by its expressionpatternare often
complementaryBy combiningthem,we maybe ableto con-
structa modelthatrevealspatternsand providesinsightsthat
separatenodelsover eachtype of datacannot.

Formally, in this casepachdatainstancen S is associated
with agene andconsistof boththemRNA expressiorevel of
thatgenein asetof experimentsandthe sequencef the pro-
tein productof thegene WethendefineeachCPM M; to bea
pair, consistingof a multivariateGaussiarover the expression
profilesanda profile HMM over the proteinsequences.

Usingthe PAH framework, it is easyto definehierarchies
over heterogenouslata by independentlycombining CPMs
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Figure1: (a) A profile HMM with 2 match columns(top): S nodescorrespondto (hidden) statesand O nodescorrespond
to (obsewed) residues. For eachQ;, a distrib ution over the residuesin column 7 is specified. For eachS;, a distrib ution

over statetransitions, given the statesof S;_1, is specified. The allowed statetransitions are alsoshown (bottom) (b) a PAH

with 3 leavesusing profile HMM CPMs along with the associatedresiduedistrib utions at column 2 of the profile. (c) Two
differ ent weight-presewing transformations for atreewith 4 leaves My, ... , M.

of differenttypes,to definea productdistribution over the
productspace. To computethe distancefunction between
two CCPMs,we onceagainusethe KL-distancefunction, or
its IKL variant. For two cross-productlistributions, the KL-
distanceis simply the sum of the KL-distancesbetweenthe
differentcomponents.Thus,ajoint PAH modelfor sequence
andexpressionwill bea PAH with compoundCPMsM;, each
definedover two CPMs:anindependentulivariateGaussian
CPM M/ anda profile HMM M?. The compounddistance
function p(M;, M) is thesump(M{, M7) + p(M}, MY).

4. Learning the Models

In this sectionwe briefly review the algorithmof [11] for
learningaPAH A from aninputdatasetD = {d[1],... ,d[N]}.
This learningtaskis fairly comple, asmary aspectsareun-
known: We are uncertainaboutthe structureof the tree T,
the parametersf all the CPMs My, ... , M,, atthe nodesof
T (leavesandinternalnodes)the multinomial parameter$,
andtheassignmenof theinstancesn D to leavesof T'.

We startby describingthe caseof completedata,where
for eachdatainstanced[j] € D, we aregiventhe leaf from
which it wasgenerated For this case we shav haw to learn
the structureof thetreeT” andthe settingof the parameter®
and M. We notethatthis assumptiorof completedatais, in
fact,theassumptiormadein hierarchicalagglomeratie clus-
tering techniquesas appliedboth to geneexpression3] and
to sequencelata[15]. There,thehierarchyis built by initially
assigningeachdatainstanceo its own nodeandthenproceed-
ing by local operationghatmemge,ateachstep,thenodeshat
areclosestrelative to a predefinedistancefunction. Our ap-
proachfor completedatacanalsobe appliedto the situation
whereeachdatacasehasits own leaf node. It offers anin-
terestingalternatve to hierarchicalagglomeratie clustering,
dueto the advantageof global optimizationsteps.However,
the probabilisticframevork alsoallows usto dealwith cases
wherewe areuncertairabouttheassignmentsf datainstances
to theleavesof T'.

4.1 Learning CPMs from Complete Data

Assumethat the structureof the tree T' and the assign-
mentof eachdatainstanced[m] € D to oneof thek leaves,

denotedC[m], areknown. We arethusleft with the task of
parameterestimation,that is, finding the setting of the pa-
rameterswvhich maximize P(A | D). More specifically we
wantto find Omin, M i, thatminimize J = —log P(D |

A) — log P(A). Substitutingthe definitionsinto .J, we get
that
|D|
J = - Z log P(C[m] | 6) (1)
m=1

=3 > logP(dm]| M)+ > Ap(M;, My).

i m:Clm]=i (i,)EE
The first two termsarisefrom the negative log-likelihood of
thedata(eachdatais evaluatedrelative to themodelattheleaf
from which it wasgenerated)Thethird term arisesfrom our
choiceof prior.

The first term, involving the multinomial parameter®,
separatefrom the rest, so that the optimizationof J relative
to @ reducedo straightforvard maximumlikelihood estima-
tion. To optimizethe CPM parametershekey propertyturns
out to be the corvexity of the J function, which holdsin a
wide variety of choicesof CPMsandp; in particular it holds
for all themodelsdescribedn Section3. Theconvexity prop-
erty allows usto find theglobalminimumof J usingasimple
iterative procedureln eachiteration,we optimizethe parame-
tersof oneof the M;’s, fixing the parametersf theremaining
CPMsM; (5 # 4). In otherwords,we set

M; == amgminy,. J(D, {M;}j-:), 2

wherethe value of J is computedrelative to the currentval-
uesof the other M;’s. This procedures repeatedor eachof
the M;’'s in aroundrobin fashion,until cornvergence.By the
joint corvexity of J, this iterative procedurds guaranteedo
corvergeto the globalminimumof J. An examinationof (1)
shaws that the optimizationof eachCPM M; involves only
thedatacasesssignedo M; (if 7 is aleaf) andtheparameters
of the CPMs M; thatareneighborsof M; in thetree,thereby
simplifying the computatiorsubstantially

A particularlysatisfyingcaseoccursin our PAH for gene
expression. Here, the optimizinig parametersn (2) canbe



computedeasilyin closedform:

ui = A aen Bt F ik Eomicmi—: dmle
¢ AN (8) + di<k D2 5.00m1=i 1

whered; <, in anindicatorvariablewhichis 1 iff 4 is lessthan
k (andthus M; is a leaf model),and N (z) is the numberof
neighborsof nodes in thetree. This formulais very intuitive,
aseachmeanis simply aweightedaverageof the meansof its
neighborsandiif it is aleaf,theactualvaluesof thedatapoints
assignedo it. The weightdependson the valueof A, which
determineghe tradeof betweenfitting the dataand moving
closerto classesearbyin thetree.

In othercasessuchasour PAH modelfor sequencesa
closedform solutionfor (2) doesnot necessarilyexist. How-
ever, the optimizationproblemis still convex, andwe thususe
the conjugategradientmethodto performthe optimizationfor
eachM;. Corvexity guaranteeshat the conjugategradient
methodfinds the optimal settingof the parameter®f M; in
eachoptimizationstep.

Forcompletenessyeprovide thegradientor thesequence
PAH. Let = be somemultinomial distribution in the profile
HMM. Thedistribution 7 represent® (X | Y = y) for some
variableX in theprofile HMM andsomeassignmenY” = y to
its parentfor example, X mightbe H, andY  its parentH,_1,
sothatw representshetransitiondistribution from somestate
in column{ — 1 to the differentstatesn column’. Let «; be
thevalueof = in M; andr; its valuein M;. We cannow sim-
plify thetwo termsin Equationl thatrelateto . Theform of
theIKL-distanceimpliesthatthe only termin p(M;, M;) that
relateso « is Dk. (5 ; ;). Theother for M; atleaves,relates
to thelog-likelihood of the datagiven M;. Standardanalysis
shaws that the only part of the datathatis relevantto 7 are
datacasesn whereY [m] = y. Let C;[z, y] denotethe num-
berof datacasessuchthatC[m] = i, andwhereX[m] = z
andY[m] = y.

Using theseideasto simplify the function J, andtaking
thederwative, we obtainthatthederiative of ;,, for ary value
z of X is:

68{ = N(i)(logmiz + 1) — Z log iz
Mix j:(i,))EE
_ Tiz _ 5 Cule ul
Z Tix 615’601 [m’ y] Tz

J:(i.g)EE

This formularepresentshe unconstrainedyradient,ignoring
theconstrainthat) " m;, = 1. To ensurethatthis constraint
is maintainedin the gradientprocesswe simply subtracting
X 2 from eachof the componentsof the gradient

T Omiy

vector

4.2 Learning Structur e from Complete Data

We now turn our attentionto the problemof learningthe
structureof thetree.Wefirst considemnemptytreecontaining
only the (unconnectedeafnodesvy, . . . , v, andfind theop-
timal parametesettingsor eachHeaf CPMusingthealgorithm
of Section4.1. Note thattheseCPMsare unrelated andthe
parameter®f eachone are computedndependentlyof other
CPMs.

Giventhisinitial setof CPMsfor theleafnodesvs, ... , vk,
the algorithmtriesto learna goodtreestructureT relative to
theseCPMs. Due to the decomposabilityof log P(.A), the
quality of the tree canbe measuredria the sumof the edge

weights 3= ; - w p(Mi, M;). The goalis to find the low-

estweight tree, subjectto the restrictionthat the tree struc-
ture mustkeepthe samesetof leavesv,, ... , v,. Segaletal.

proposean algorithm (inspiredby the work of [6]) that uses
a minimum spanningtree (MST) algorithm for constructing
low-costtrees.

At eachiteration,the algorithmstartsout with a treeover
nodesvi, ... ,un. It takestheleaveswy,. .. , v, of thistree,
and constructsan MST over them. Of course,in the result-
ing tree,someof the M; areno longerleaves. This problem
is correctecby atransformatiorthat“pushes”aleaf dovn the
tree, duplicatingits model; this transformatiorpreseresthe
weight(score)of thetree. By usingonly v, ... , v, theal-
gorithm simply "throws away” the entirestructureof the pre-
vious tree. However, we canalsoconstructnevy MSTs built
from all nodesvs, . .. , vm Of the previoustree. For all nodes
v; for 1 < i < k, which endup asinternalnodes,we per
form the sametransformatiordescribedabove. In bothcases,
thistransformations not unique,asit depend®n theorderin
which the stepsare executed;seeFigure 1(c). The algorithm
thereforegenerateanentirepool of candidatdreesfrom both
v1,...,0; andos, ... ,vy), generatedusing different ran-
domresolution®f ambiguitiesn theweight-preservingrans-
formation. For eachsuchtree, the algorithm of Section4.1
canbe usedto find an optimal settingof the parametersThe
treesare evaluatedrelative to our score(log P(A | D)), and
the highestscoringtreeis kept.

The treejust constructechasa new setof CPMs, sowe
canrepeatthis process. To detecttermination,the algorithm
alsokeepsthetreefrom the previousiteration,andterminates
whenthe scoreof all treesin the newly constructedbool is
lowerthanthe scoreof the besttreefrom previousiteration.

4.3 Incomplete Data

Finally, we discusghe casewherewe do not have a fixed
assignmenbf datacasesto leavesin the tree. In this case,
we have unobsered variablesthat specifythe choiceof class
Clm] € {1,... ,k} for eachdatainstanced[m]. The algo-
rithm handlesthe issueof missingdatausing the structurl
EM algorithm of Friedman[5] which extendsthe EM algo-
rithmto theproblemof modelselection.Thealgorithmrepeat-
edly alternatebetweenwo steps.In the E-step,the distribu-
tion over the unobsered variablesis computedby evaluating
P(C[m] =1 | d[m], A) forall1 < m < |D|. In theM-step,
the model A — its parameteraswell asits structure— is
updatedsoasto increasethe score relative to the distribution
computedn the E-step. This procesausesthe algorithmsof
Sections4.1 and4.2, but wherethe assignmenof datacases
to leavesis now soft ratherthan hard. The effect of this is
simply that differentdatacasesarenow takeninto considera-
tion with varying weightsin the parameteestimationstepin
Section4.1andin thescoringof differenttreesin Section4.2.

5. Experimental Results

In this section we presentheresultsof runningthe PAH
algorithm on a variety of biological datasets. In all of our
experimentsye initialized PAH suchthat eachdatainstance
hasits own node. This assignmenbf datacasedo leavesis
only aninitialization, andcould be modifiedby the algorithm
asdescribedn Section4.3.

Mary of ourresultsarecomparedo hierarchicabgglom-
eratie clustering(HAC), which is mostcommonlyusedfor
biologicaldata.To performadirectcomparisorbetweerPAH



andHAC, we oftenneedto obtaina probabilisticmodelfrom
HAC. To do so,we createCPMsfrom the geneghatHAC as-
signedto eachinternalnode. In bothPAH andHAC, we then
assigneachgene(in thetraining setor the testset)to the hi-
erarchyby choosinghebest(highestiik elihood)CPMamong
all thenodesn thetree(includinginternalnodes).

Synthetic Data. A goodalgorithmfor learningabstractiorhi-
erarchieshouldrecover thetrue hierarchyaswell aspossible.
We testecthis by runningour algorithmon syntheticdata,al-
lowing usto compardts performanceo a “groundtruth”. We
generatec syntheticdatasetby samplingfrom theleavesof a
PAH; thegeneratind®’AH waslearnedrom arealgeneexpres-
siondataset. To allow a comparisorwith HAC, we generated
onedatainstancefrom eachleaf. We generatedive training
setseachwith 80 (imaginary)genesand100experimentsand
PAH andHAC for eachdataset. For PAH, we usedthemodel
describedn Section3.1. For HAC, we usedthe samesumof
squarecerrorsasthedistanceunction. For HAC, we alsotried
thePearsortorrelationcoeficient [3] asadistancemetric,but
its performanceavasconsistentlyworse.

We testedthe recovery of the hierarchyby defining the
distancebetweertwo genesasthe lengthof the tree-pathbe-
tweenthe nodesto which they wereassignedand compared
the distancesetweernthe generatingandlearnedmodel. The
correlationcoeficientwas0.72 + 0.08 for PAH, comparedo
amuchworse0.27 £+ 0.09 for HAC. TheaverageL, errorwas
4.78 4+ 1.29 for PAH and12.46 + 1.09 for HAC. Thus,PAH
recoversanabstractiorhierarchymuchbetterthanHAC.

The Globin Protein Family. We next testecthe ability of our
modelto capturethe characteristic®f globins, a large fam-
ily of heme-containingroteinsof variousarchitectures.We
selectedhe entire setof 829 globinsfrom the SWISS-PROT
databasdy selectingall proteinswith the keyword “globin”.
To testour algorithm’ ability to “recognize”globins,we ran-
domly selecteda subsetof 500 globins from the full set of
829,andusedClustalW[16] to multiply alignthemsothatthe
traceof stateqdmatch,insertanddelete)of eachdatainstance
throughthe profile HMM s given. We usedthis aligneddata
setto train a sequenc®AH. We tried differentsettingsfor A
(the coeficient of the penaltytermin P(.A)), therebyexplor-
ing therangeof only fitting thedata(A = 0) andgreatlyfavor-
ing hierarchiegn which nearbymodelsare similar (large A).
We thenmeasuredhe performanceof eachPAH onthetrain-
ing andtestset,by recordingthe log-probabilityof eachgene
relative to the CPM at the nodeto which it was assignmed.
The probability was computedusing the forward algorithm,
without assumingmultiple alignment. We thendeductedhe
log-probability of the randomsequencdrom eachsuchlog-
probability, obtainingthe log-oddsratio. Figure 2(a) shaws,
for each), the averagelog oddsratio that PAH assignsto
globinsin thetraining setandin the testset. The graphis a
typicallearningcurve, shawving thatthetrainingsetprediction
is highestwhen A = 0, but that testsetaccurag is highest
at\ = 0.6, wherewe have sometradeof betweerfitting the
dataandfavoring hierarchiesn which nearbymodelsaresim-
ilar. To testthe discriminatve power of PAH, we alsocom-
paredthe log-oddsratio that PAH assignedo held-outglobin
sequenceandto 10, 000 non-globinsequenceselectedan-
domly from SWISS-PROT. Not surprisingly PAH achieved
perfectdiscriminationbetweerglobinsandnon-globins.(We
notethatKrogh etal. [8] achierzed similar resultsusingprofile
HMMs.)

Finally, we checled whetherthe hierarchybuilt wasalso
ableto discover the differentsubfamiliesof the globin family.

Trainingset Testset

Model p avg. L1 difference avg.L1 difference
PAH 90% 2.57 £1.57 2.61 +1.68
HAC 7.43 +£4.78 11.34 £ 7.2
PAH 80% 2.95+1.81 2,76 £1.61
HAC 9.44 +5.68 20.87 £10.68
PAH 70% 3.11+1.84 3.17+1.85
HAC 9.79+5.4 21.72 +13.8

Table 1: Robustnessof PAH and HAC to differ ent subsets
of training instances.

A nodein the hierarchyhasa high correspondencs a globin

subfamily if all or mostof the globinsassignedo its subtree
areof thesameglobinsubfimily. Wefoundseveralsuchnodes
thatcorrespondetb differentsubfimiliesof globinsincluding

myoglobin,two differenthemoglobirsubfimilies(alphachain
andbetachain)andleghemoglobin.

Robustness.Ourgoalin constructinga hierarchyis to extract
meaningfulbiological conclusionsrom the data. The avail-
abledatainvariably reflectsonly a subsetof the experiments
thatwe could have performed. If our analysisproducesvery
differentresultsfor slightly differenttrainingdata,the biolog-
ical conclusiongsareunlikely to bemeaningful. Thus,we want
datainstanceghatareassignedo nearbynodesin thetreeto
be assignedo nearbynodeseven if the hierarchywas built
from aslightly differenttraining set.

To testtherobustnes®f our algorithm,we usedthe Yeast
Compendiundataof [7], which measureshe expressiompro-
files triggeredby specificgenemutations. We selected450
genesandall 298 arrays focusingon geneghatchangedsig-
nificantly. For eachof threevaluesof p rangingfrom 70%
to 90%, we generateden differenttraining setsby sampling
(without replacementp percentof the 450 genesthe restof
which form atestset.

We thenplacedbothtrainingandtestgeneswithin the hi-
erarchy For eachdataset, every pair of geneseitherappear
togetherin the training set, the testset, or do not appearto-
gether(i.e., one appeardn the training setand the otherin
the testset). We comparedfor eachpair of genestheir dis-
tancedn training setsin which they appeatogetherandtheir
distancedn testsetsin which they appeartogether The re-
sultsare summarizedn Table 1. Our resultson the training
datashav thatPAH consistentlyconstructsverysimilarhierar
chies,evenfrom verydifferentsubset®f thedata.By contrast,
the hierarchiexonstructecdby HAC aremuchlessconsistent.
The resultson the testdataare even more striking. PAH is
very consisten@boutits classificationinto the hierachyeven
of testinstances— onesnot usedto constructthe hierarchy
In fact, thereis no significantdifferencebetweenits perfor
manceon thetrainingdataandthetestdata.By contrastHAC
placestestinstancesn very differentconfigurationsn differ-
enttrees reducingour confidencen the biologicalvalidity of
thelearnedstructure.

Discovering Gene Functions. One of the main goalswhen
building genehierarchiebasednsequencer expressiordata
is to derive hypotheseaboutgenefunctions.If, in thelearned
hierarchygeneswith similarfunctionclustertogetherthenwe
can hypothesizethat geneswhosefunction is unknavn that
clusterto the sameareain the hierarchyalso sharea similar
functionalrole.

To testwhetherPAH producesierarchieswith functional
propertieswe usedthe YeastCompendiundataof [7]. We
selected457 genesand the full setof 298 arrays, focusing
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Figure 2: (a) The averagelog-oddsratio for globin sequencesn the training and test set. (b) Prediction of HIV drug-

resistancefr om sequences.

on genesthat had somefunctional annotationsn the MIPS
databasg10]. We learnedhierarchiesin threedifferentset-
tings: from expressiordataalone;from the proteinsequences
of thegenesalone;andfrom a combineddatasetof sequence
andexpression.In eachsetting,we learnedbotha PAH anda
HAC model. WhenlearningHAC modelsfor sequencesye
usedthe agglomeratie clusteringapproachsimilar to that of
Sjolanderet al. [15]: We constructa profile HMM for each
datainstancethenagglomerate¢he onesthatareclosestusing
our IKL distancgwhich generalizeshe measuraisedin [15]
for PSSMs). Newly createdclassesare also associatedvith
profile HMMs, andparticipatein the agglomeratie clustering
in thestandardvay. For thejoint expression/sequenecaodels,
we usedthe samedistancemeasurasin ourjoint PAH model
for theclustering.

For eachof thelearnedhierarchiesye testedhe extentto
whichthelearnechierarchyhadcorrespondenc® genefunc-
tions. We choseto focusonly on annotatedjenesasthe exis-
tenceof afunctionalannotatiorin thedatabasés substantially
more indicative than a lack of one. We measuredfor each
functionalcateyory in MIPS, the distancedetweergenesan-
notatedwith that function, and comparingthesedistanceso
thosethat would be measuredf we wereto randomlyselect
a sethaving the samenumberof genesfrom the hierarchy
Notethateachcomparisoris donewithin the samehierarchy
Table2 lists the significantfunctionsthat werefoundin each
hierarchyalongwith ap-valueobtainedrom astudentst-test,
wherethenull hypothesiss thatthe obsereddistancesccurs
by chance.

As can be seen,there are several functional cateyories
which the PAH modelsput togetherin the hierarchywith a
very high significancdevel, while the HAC modelsgroupto-
gethervery few functionsandwith a muchlower significance
level. In particular PAH automaticallydiscovers several im-
portantpathways. We also seethatthe sequencenodelsand
expressiormodelsdiscover analmostdisjointsetof functional
catgyories. More surprisingly the joint modeldoesnot redis-
covertheunionof thesecategories. Theinformationcontained
in thetwo differentdatasetsseemdo be suficiently different
thatonecannotconstructa coherentierarchycapturingboth.
However, the joint dataallows it to discover catgyoriesthat
wererevealedby neitherdatasetalone.

Predicting Resistanceto HIV Drugs. Currentdrugsfor the
treatmenbf HIV infectionincludeseveralagentsall aimedat
inhibiting viral replication.WhenanHIV infectedpatientfails

to respondto treatmentyiral drug resistancedevelopmentis

oftenthe mainreason.Drug resistancarisesfrom mutations
in theviral genomespecificallyin theregionsthatencodethe

moleculartamgetsof theragy, HIV proteaseand RT enzymes.
HIV RT andproteasenutationsaltertheviral enzymesn such
away thatthe enzymes functionis no longerinhibited by the

drug. An understandingf the geneticchangeghatrendera

particulardrug ineffective is importantto the developmentof

new drugs,andto the designof effective drug combinations.
Certainmutationsconferresistancen their own, while others
producemeasurableesistanc®nly whenpresenin combina-
tion with others. We thereforedecidedto testthe ability of

hierarchicaklusteringalgorithmsto build hierarchiedargeted
atunderstandinglrugresistancenutationpatterns.

We usedthedatabasef Shaferetal. [13], which contains
mary of thepublishedHIV RT andproteassequencesswell
asdrugsusceptibilitytestsonmary of thesequenceslhedrug
susceptibilityfor aparticulardrugmeasureshefold resistance
— thequantityof thedrug,relative to susceptiblevildtypeiso-
lates,requiredto achieve a certainlevel of inhibitory concen-
tration(IC) of thevirus. Wefocusedontheproteasesequences
sincethey almostall have the samelengthof 99 aminoacids.
For eachtype of drug, we learneda PAH basedboth on the
sequencandits associatedqlog) fold resistancet IC50. We
usedthe joint modelof Section3.3, replacingthe expression
level with thefold resistanceWe alsolearneda HAC basedn
the sequencelataassignedhe genesto nodes,andcomputed
theaverageog-resistancéevel for eachnode.

To testthe extent to which the hierarchylearnedcorre-
spondedwith drug resistanceelatedmutations,we tried to
predictthefold resistancef aheldout sequenceyy assigning
the sequencdo the bestnodein the hierarchy(as described
abore), andusingthe meanlog-resistancat thatnodeasour
prediction. The results,basedon five-fold cross-alidation,
areshavn in Figure2(b). Theresultsindicatethatthe PAH hi-
erarchyprovidesbettercorrespondenct the drug resistance
results.By recordingtheprobabilitythatthebestCPMassigns
to eachsequenceye alsoobtaina confidencdevel. Reassur
ingly, mostof the high quality predictionswere obtainedat
thehigherconfidencdevels. Furthermoreif we restrictatten-
tion to high-confidencepredictions,the differencein quality
betweerPAH andHAC is substantialljlarger.



MIPSfunctionalcateory PAH (€) | HAC(e) | PAH (S) | HAC(S) | PAH (e+s) | HAC (€+9)
Cell growth, division, DNA synthesig100) 39e -9

Mating type determinatior(41) 1.8 — 8 7.6e — 7
Nuclearorganization(49) l4e —4

Transcription(61) 8.8¢ —4

Proteindestination47) 1.5e — 3

Cellularorganization(237) 23¢—3 |23 —2 3.2e — 3
mRNA transcription(48) 2.9¢ — 3

Metabolism(196) 2.5e —2

Drug transporter¢10) 8.8¢ — 11

C-compound carbohydratéransportergl5) 16e—5 | 23e—4| 1l4e—7
Transportfacilitation (57) 2.8¢ —4 3.le—3
Organizatiorplasmamembrang41) 6.3e — 4

Cellularimport (57) 2.5e — 3

Amino acid metabolism(50) 2.5e — 2

Proteinmodification(24) 3.6e —2

Cell cycle controlandmitosis(34) 4.9¢ — 2

Proteinsynthesig14) 4.1e — 2

Organizationof endoplasmaticeticulum(13) || 2.8¢ — 2

Stresgesponsé&70) 2.8 —2
Extracellular/ secretiorproteins(15) 4.1e — 4

Table 2: Significant genefunctions found in hierarchies; (e) standsfor expressiondata and (s) for sequencesnumber in
parentheses epresentsnumber of genedabeledwith that function.

6. Discussion

In this paper we proposethe useof probabilisticabstrac-

tion hierarchied11] for constructinghierarchiesover biolog-
ical data. A uniquefeatureof PAH is the useof global opti-
mization stepsfor constructingthe hierarchyandfor finding
theoptimalsettingof the entiresetof parametersThis feature
helpsin avoiding local maximaandin reducingsensitvity to
noise. We shaved how the generalPAH framevork canbe
appliedeffectively to two importanttypesof biological data:
expressionprofilesand sequencesWe presentedesultson a
wide variety of datasets shawing thatthe PAH approactgen-
erategobustandbiologically meaningfulhierarchies.

We can extend our approachin several directions. For
example, the generalityof the CPM modelscould allow us
to constructhierarchieswheredifferent CPMs have different

structurese.g.,whereCPMshavedifferentprofile HMM lengths.

We arealsoexploring the useof this approactaspartof arich
probabilisticframeavork suchasthatof [12], replacinga “flat”
setof clusterswith a morebiologically plausiblehierachy
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